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Scalable and Actionable Roundoff Error Analysis for
Branching Floating-Point Programs

ANONYMOUS AUTHORC(S)

Reasoning about floating-point roundoff errors is hard for both developers and automated tools as the finite-
precision program and its real-valued specification compute different results. The task of bounding their
difference is especially challenging in the presence of branches; due to accumulated roundoff errors they may
take different paths through the program. Existing static analysis tools that compute bounds on the error due
to divergence either compute accurate bounds but do not scale beyond small programs, or scale better but
often compute bounds too loose to be useful. Separately, dynamic analysis tools search for a single divergence-
triggering input, so they neither cover all branches of a program nor indicate how large the error can be.

This paper presents a novel static analysis for bounding floating-point errors in programs with branches that
is both scalable and accurate. The main idea is to first compute a cheap overapproximated bound that is refined
on demand. We also integrate dynamic and static analysis. Using static results, the dynamic analysis can find
inputs causing divergence for any branch in the code, even if branching is deeply nested. The dynamic results
provide a lower bound on the true error and thus indicate the tightness of the static results. We implement
both analyses in the Stainless deductive verifier for Scala programs, and empirically evaluate them on existing
(smaller) benchmarks and (larger) real-world code, demonstrating scalability and effectiveness.

1 Introduction

Reasoning about floating-point arithmetic is challenging for both developers [25, 26] and automated
verification tools, as evidenced by recent work in this area [1, 30, 37, 52]. Because floating-point
numbers have finite precision, arithmetic operations round their results. When the resulting
roundoff errors accumulate as a program executes, its result can differ from the one one would have
obtained if all arithmetic was real-valued and thus error-free. A comparison against a real-valued
specification is important in many domains, where, for instance, correctness proofs—automated or
human on paper—may assume real-valued arithmetic. Computing the true roundoff error exactly
is, however, not practical for a range of inputs.

Static analysis tools [20, 33, 52] take programs written in a (small) subset of, e.g., C, Scala or
PVS and aim to automatically compute a sound upper bound on the worst-case absolute roundoff
error, over all inputs satisfying some precondition. In a complementary way, dynamic analysis
tools [14, 34] search for concrete inputs that induce a large roundoff error. Static and dynamic
analyses thus yield an upper and a lower bound on the true roundoff errors, respectively.

One of the main open challenges when analysing floating-point code is to efficiently and ef-
fectively handle branching. When a conditional involves floating-point values, their accumulated
roundoff error can send the floating-point execution down a different path in the program than
the real-valued execution would take, potentially resulting in a completely different result. This
problem is far from marginal: a study of floating-point code on GitHub [31] shows that half of the
functions found contain conditionals and are thus potentially exposed to such divergence. Analysis
tools should thus not only consider roundoff errors due to arithmetic, but also these additional
divergence errors due to diverging control-flow.

Accurately bounding these divergence errors is challenging. Divergence is caused by the typically
small roundoff errors due to arithmetic operations. The inputs on which divergence occurs therefore
often form very small regions of the input space, sometimes only a few representable numbers wide.
Additionally, computing bounds on divergence errors requires comparing two potentially very differ-
ent paths of the program over these small regions, which is non-trivial to do both accurately and effi-
ciently. Existing approaches trade scalability [33] for accuracy [20, 52], or vice versa. As a result, they
often yield loose bounds that can lead to false positives or time out for even modestly sized programs.
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2 Anon.

Moreover, an error bound alone is not actionable: it leaves the user without the information
needed to repair the program, such as which inputs trigger a divergence and where in the code it
occurs. Dynamic analyses can find such inputs, but existing approaches [13] search for a single
divergence-triggering input, regardless of the error it causes; they thus neither cover the whole
program nor indicate how large the error can be.

This paper brings scalable, accurate, and actionable analysis of divergence errors to a general-
purpose deductive verifier. Our two core technical contributions are 1) a novel static analysis that
computes tight sound upper bounds on the error while scaling to heavily branching programs, and
2) a dynamic analysis that identifies inputs that trigger divergence throughout the program. The
dynamic analysis complements the static bound in two ways: by computing a lower bound on the
true error, it shows how tight the static upper bound is, and the concrete inputs it reports for each
divergence give the user the information that can help to repair the program.

The key insights that make our static analysis scale are twofold: instead of comparing every
pair of paths, our analysis computes divergence errors per branching point, requiring only a linear
number of expensive optimisation queries in the number of paths. To recover accuracy, we introduce
a refinement step that improves the bounds of the largest divergence errors found, empirically
matching the accuracy of pairwise comparison with far fewer queries.

The main idea of our dynamic analysis is to use the solutions of the optimisation problems from
the static analysis to focus the search around each condition that may diverge. This lets it find diver-
gences throughout the program, including deeply nested ones that unguided techniques overlook.

We implement both analyses in Stainless [30], a general-purpose deductive verifier for Scala that
already supported floating-point arithmetic but had no roundoff error analysis. To our knowledge,
this makes Stainless the first deductive verifier that automatically infers roundoff error bounds
that account for control-flow divergence. Our implementation supports language features such as
function calls and algebraic data types, so users can bound the roundoff error of programs much
closer to real-world code than the numerical kernels most existing tools accept. We further expect
our approach to be portable to other deductive verifiers.

We evaluate both analyses on a diverse set of benchmarks: the standard floating-point benchmark
suite FPBench [17], Scala code mined from GitHub, and highly branching stress tests. Ablation
studies confirm the contributions of each component. Comparing with three existing static anal-
ysers shows that Stainless scales to programs with significantly more branches, while matching or
improving on the accuracy of the computed error bounds. The dynamic analysis finds divergence-
triggering inputs for all benchmarks and for at least some it is able to confirm that static bounds
are tight. We upload benchmarks, experimental results and an appendix as supplementary material.

In summary, this paper makes the following contributions:

o A scalable static analysis that computes tight error bounds for branching floating-point programs
with an algorithm that grows linearly with the number of paths (Sec. 3).

e A guided dynamic analysis that finds divergence-triggering inputs throughout the program,
rather than only for the most likely divergences (Sec. 4).

e An implementation in Stainless, a deductive verifier for Scala, that supports language features
such as function calls, compound conditions, and algebraic data types (Sec. 5).

e An evaluation on a diverse set of benchmarks showing that Stainless matches the accuracy of
pairwise comparison while scaling to programs on which existing tools time out (Sec. 6).

This paper addresses the challenge of branching floating-point code. It does not aim to handle
other open challenges, such as analysing roundoff errors in loops and recursive functions [20, 52],
analysing roundoff errors with a modular analysis [1, 52], or bounding relative errors [36]. These
issues have so far only seen initial and partial solutions, and are orthogonal to this paper.
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1 val dt = 0.1 // time step (s) 13 def clamp(v: Double): Double =

2 val brake = 4.0 // emergency braking 14 if v < -1.0 then -1.0

3 15 else if v > 1.0 then 1.0

4 @roundoff @fuzz 16 else v

5 def newAcc(d: Double, s: Double): Double = 17

6 require(5.0 <= d && d <= 15.0) 18 def net(x1l: Double, x2: Double): Double =

7 require(0.0 <= s & s <= 10.0) 19 val hl = clamp(-3.3 * x1 + 3.2 * x2 - 1.1)
8 val acc = net(d /10 -1, s /5 - 1) 20 val h2 = clamp(-3.3 * x1 + 0.6)

9 val newS = s + dt * acc 21 val gl = clamp(3.2 * hl - 2.1 * h2 - 0.1)
10 val newD = d - dt * newS 22 val g2 = clamp(3.3 * hl - 2.2 * h2 + 0.1)
11 if newS * newS < (2 * brake) * (newD - 1) 23 -1.55 x g1 - 1.45 x g2 - 1.0

12 then acc else -brake

Fig. 1. Example of code with conditional statements: controller of a rover

2 Overview

We illustrate our approach on a controller for a one-dimensional version of the rover of Phan et
al. [46, Sec. 2]; Fig. 1 shows its Scala implementation. Given the rover’s distance to an obstacle (d)
and its current speed (s) obtained from sensors, a neural network (net) proposes a new acceleration.
A safety check then simulates the rover for one time step (lines 9 and 10) and, if it cannot stop in time
before the obstacle, replaces the proposal with full braking (line 12). Assuming real-valued arithmetic
computations, this check provably keeps the rover safe!. In the floating-point implementation,
however, roundoff errors can flip its outcome: on a small set of inputs, the controller skips the
emergency brake and applies the network’s proposal instead, putting the rover at risk of collision.

Our static analysis—triggered by the @roundoff annotation—soundly bounds the worst-case
absolute difference between the result of the floating-point and the corresponding real-valued
execution, including all roundoff and divergence errors, when the executions start from the same
valid inputs as specified in the require clauses. The dynamic analysis—triggered by @fuzz—finds
concrete inputs on which divergence happens.

Analysing this example and branching real-world floating-point code in general poses two main
challenges: the analysis needs to scale to relatively many branches and it needs to accurately bound
the divergence errors to avoid false positives. In our example, to analyse newAcc Stainless first inlines
all function calls (in the absence of an effective modular analysis). Every activation in the network
(ctamp) is a conditional, as is the safety check (line 11), and the floating-point execution may diverge
at any of them. Most of these divergences are benign: the network computes a continuous function,
so, as roundoff errors due to arithmetic are small here, taking the other branch of a clamp only slightly
changes its output and the analysis should reflect this. The divergence at the safety check, however,
replaces full braking with the network’s proposal, with a potentially large resulting difference.

Existing approaches trade scalability for accuracy, or vice versa. Fluctuat [33] uses coarser
abstractions and bounds the error of our controller’s output by 80.6, although its output provably
lies in [—4, 2], so no two outputs can differ by more than 6. Tools using symbolic reasoning such as
Rosa [20] and PRECISA [52] compare every pair of paths that the two executions may take (162 in
our example). Neither tool produces a result within 20 minutes.

Our approach, in contrast, bounds the total error of the controller by 0.150 in 30 seconds, and
finds an input showing that this bound is tight (here d = 5.00000000000172, s = 5.656028409962584).
This error is due entirely to divergence: an analysis that ignored it would report a bound of 7e-14,
underestimating the actual error by twelve orders of magnitude.

ISafety verification of controllers is typically performed assuming real arithmetic for feasibility reasons.
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4 Anon.

Static Analysis. Our static analysis builds on two ideas: comparing sets of paths of the program in-
stead of pairs of paths, and refining the comparisons when they lead to large divergence errors. The
first idea rests on the observation that when real-valued and floating-point executions diverge, they
part ways at a single condition. In our example, every input first reaches the condition —3.3x; +3.2x,—
1.1 < —1 (line 14 called from line 19): if the two executions diverge there, one continues into one of
the 54 paths of the then branch, the other into one of the 108 of the else branch. Rather than compar-
ing these paths pair by pair, we compare the two sets of paths as a whole, bounding the difference
between the largest value one set can produce and the smallest value the other can (and vice versa).
Since the executions can diverge at any conditional, our approach solves one optimisation problem
per conditional—161 in total in our example—to compute the overall divergence error, whereas
existing techniques formulate one per unordered pair of paths, which in our example are 13 041.

This efficiency, however, sacrifices accuracy. A set comparison ignores the conditions needed
to reach each path, so it also pairs paths that can never be taken on the same input, and on our
network, it yields a loose bound of 40.4. For instance, it may pair a path where a neuron is clamped
at —1 in floating-point arithmetic with one where the same neuron is clamped at 1 in real arithmetic,
although this difference cannot actually occur due to roundoff errors being provably too small.

Our second idea is to recover accuracy through refinement. We take the pair of path sets that
yields the largest bound, since it determines the overall bound, and split one of the two path sets
at its first condition. The same paths are still covered, but in two smaller groups, each under the
additional constraint of the condition we split on. Consider again the first neuron (line 19), and
inputs on which one execution clamps it at —1.0 while the other does not. Before refinement, the
analysis does not know whether this other execution leaves the neuron unclamped or clamps it at
1, so it must account for both. Refinement separates these two cases.

In our evaluation, a number of refinement steps linear in the number of conditions suffices to
obtain bounds close to those of pairwise comparison. On this example, 322 refinement steps, twice
the number of conditions, bring the bound down from 40.4 to 0.150.

If a bound seems too loose, the user can increase the timeout, giving Stainless more time to
tighten it. An upper bound alone, however, does not tell the user how close it is to the ground truth,
and thus whether more time would help. Since this bound is an overapproximation, it may also
warn of divergences that cannot actually occur. Furthermore, static analysis provides no input that
triggers a divergence and possibly causes a large error.

Dynamic Analysis. To make the bound actionable, we complement the static analysis with a
dynamic analysis that identifies program inputs that trigger divergence and runs the program on
them in both floating-point and high-precision arithmetic (as a proxy for real-valued execution [16])
to compute the total error on the result. The largest error it observes is an empirical lower bound
on the true worst-case error, which shows the user how far the static bound may be from the truth.

As for the static analysis, the main challenge is that divergence-triggering inputs are extremely
sparse, so unguided search, such as random sampling, rarely finds any. Finding a large error in
heavily branching code moreover requires exercising as many divergences as possible, including
those at deeply nested branches.

Our key idea is to let the static analysis guide the search and to use floating-point specific fuzzing
to maximise divergence errors. For each condition, the optimiser returns not only a bound but also
an interval containing the input at which this bound is reached. Since the bound is an upper bound,
the interval itself may not contain divergence-triggering inputs, so our dynamic analysis performs
a bisection search in the vicinity of this interval. Once it finds such a divergence-triggering input,
the analysis mutates it randomly to explore its neighbourhood, keeping the new inputs that also
trigger divergence, and repeats this process until the user’s time budget is exhausted.
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On our network, the dynamic analysis finds 74 754 unique divergence-triggering inputs in 30
seconds, with at least one in every interval returned by the static analysis. Together, they trigger
divergence at every condition of the network where divergence can actually occur, and yield a
lower bound of 0.150, thus confirming that the static analysis bound is tight.

Stainless reports upper and lower bounds on errors not only for the global result of the function,
but also for each individual conditional. It also writes all divergence-triggering inputs it finds to a
separate file, grouped by condition and by pair of paths. The aim is to provide as much information
as possible to help the user to repair their program, if needed. In our example, the user may then
add a safety margin to the check on line 11, or limit the acceleration returned by the network.

3 Static Analysis

We first recall how existing work bounds the error of a single and nested conditional [51], introduc-
ing our notation along the way, before explaining our approach. We focus on functional programs,
since Stainless translates imperative code into functional code.

3.1 Background and Notation: Comparing Every Pair of Paths

Consider an expression
t(x) :=1f c1(x) < ca(x) then f(x) else g(x)

where x is a vector of inputs ranging over a domain D, and ¢y, ¢z, f, and g are straight-line arithmetic
expressions. Writing [[-]lz and [-]g for the real-valued and floating-point semantics, we aim to
bound

max err; (x), where err;(x) := ‘[[l‘(x)]l]R - |It(x)]]]F|. (1)

Evaluating c; and c; in floating-point arithmetic incurs rounding, so when c¢; (x) and c;(x) are
close, [#(x)] s and [[#(x) ]| may take different branches on the same input. For a given input x, the
error err;(x) thus splits into four cases:

1S )T = [f )]l = errp(x)  when [[er(x) < e2(x) |z
[9() ] = [9(0)]s| = errg(x)  when [er(x) > e2(x) [z
|[[f(x)]]]R - [[g(x)]]ﬂ when [[c1(x) < ca(x)]|g and [[e1(x) > ca(x) ] g
L9 Tr = [f ) 18| when [e1(x) > c2(x)]g and [e1(x) < c2(x) ]z

The first two cases are roundoff errors of straight-line code, for which tools such as Daisy [18]
and FPTaylor [51] compute tight bounds. We write £¢ and ¢, for these bounds, i.e., errg(x) < e
and erry(x) < ¢, for all x € D.” The last two cases are divergence errors: they compare different
expressions in different semantics, which these tools cannot handle.

For the third case, with the triangle inequality we can separate the real-valued difference between
the two branches from the roundoff error of the branch taken in floating point semantics:

ILf e = [91e] < [[F s = [9) e + [T9G) T = [9CGo) T (3)
<|[F(x) = g(x) 1= | + & (4)

The second term of Eq. (3) is bounded by ¢,, while the first term is real-valued, but its path constraint
[c1(x) > c2(x)]g still involves floating-point semantics. Let &, and ¢, be the roundoff error bounds
of ¢; and c;. The floating-point value of ¢, differs from its real value by at most ¢, , and likewise for
¢;. The floating-point condition [[¢1(x) > ¢3(x) ]z can therefore only hold if the real values of both

)

erri(x) =

2Note that these tools report any possible floating-point special value (Infinity or Not a Number) as an error, and hence (in
their absence), comparison operators, on the same operands give the same result in R and F.
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6 Anon.

sides are within ¢, + ¢, of each other, i.e., if [c2(x) — ¢1(x) g < €&, + &, We call this constraint a
relaxed condition: it is a real-valued overapproximation of the floating-point condition, i.e., it holds
on every input where the floating-point condition may hold. Combining it with the real-valued path
condition [[¢1(x) < c2(x)] g, which we rewrite as 0 < [[c2(x) — ¢1(x) ]|, yields a purely real-valued
optimisation problem for the third case:

I;leag |[[f(x) _g(x)]]R| s.t. 0 < [ea(x) - Cl(x)]]R < Eey T ey (5)

The fourth case is symmetric, with &5 in place of ¢;, and the same optimisation objective. Merging
the two problems gives us the optimisation problem for the divergence error 6 of t:

é= max |[[f(x) —g(x)]]R| s.t. —(&ey + &) < [lea(x) —e1(x) g < &, + &c,- (6)

Note that since the constraint confines x to the thin divergence region and the objective is a
single expression in x, this problem preserves the dependencies between variables that abstract-
interpretation-based techniques, such as Fluctuat, lose.

Overall, bounding the error of ¢ requires solving five problems: four roundoff error bounds
(€7, €g> €c,» £c,), and one optimisation problem for divergence (§). The first two cases of Eq. (2) are
then bounded by ¢7 and ¢y, and the last two by § + ¢; and § + &, so for all inputs, the error of  is
bounded by

0 + max(ef, &). 7)

This approach generalises directly to nested conditionals. We view the control flow of a function
as a tree whose inner nodes are conditions and whose leaves are straight-line expressions, see
an illustration in Fig. 3a. Each path p from the root to a leaf has a leaf expression f,, and a path
condition ¢, the conjunction of the guards along it.

Consider the purposefully simple example in Fig. 2. The program
has four paths, two on line 3 and two on line 5: -1 wheny < -1,y
when -1 <y < 0,4 when0 < y < 1,andy wheny > 1.Onagiven } else {
input, the real-valued and floating-point executions follow paths p . i¢ (y <= 1) y « y else y
and q. When p = g, the error is the roundoff error of f,, which we
bound by ¢, as before. When p # g, the triangle inequality again
separates the real-valued difference between the two leaves from
the roundoff error of the floating-point one:

15 ol = [ GO llel < Mo () = fa o) el + 24

Bounding the first term requires one optimisation problem per unordered pair of paths:

Sipgy =max [0 = (]| st @p(x) A Gg(x) ®)

1 valy = x x x - 2.0
2 if (y <= 0) {
3 if (y <= -1) -1.0 else y

Fig. 2. A continuous piecewise-
defined function.

where ¢, relaxes each guard of ¢, by its error bound, as in Eq. (6). Generalising Eq. (7), the error of
the function is bounded by

max § + max &,.
g {r.q} P

For a function with n paths, this requires n roundoff error bounds, but n(n — 1)/2 optimisation
problems for divergence, one per unordered pair of paths (as in the approach of Rosa and PRECiSA).
On the example, pairwise comparison solves six problems. Comparing —1 and y on line 3 confines
y to a thin band around —1, where the function is continuous, so the bound is small. Comparing —1
(line 3) and y? (line 5) requires both y < -1+ ¢, and y > —¢,, which contradict each other, so this
problem is infeasible and the pair does not contribute to the bound. The remaining pairs behave
analogously.
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AL
Se¢ s
AN
C/ cl/

A/A
h f 5 fa

fi—-f fi—fa max(fi, f2) — min(f, f2) h - min(f;, fa)

fa— 1 fo—fa fo — min(f, fa)

(a) Pairwise comparison: max- (b) Subtree comparison: for each  (c) Refined subtree comparison: re-
imise the difference between ev-  condition maximise the difference  quires O(n +r) optimisation prob-
ery pair of paths; requires O(n?)  between its two subtrees; requires  lems for r refinement steps.
optimisation problems for n paths.  O(n) optimisation problems.

Fig. 3. Three ways to bound the divergence error.

3.2 Our Approach: Subtree Comparisons

Comparing pairs of paths is affordable for small functions, but does not work well already for code as
small as our example in Fig. 1. One contributing factor is also that to obtain tight bounds, analysers
inline function calls. The error of a callee depends on the ranges and errors of its arguments, which
differ at each call site, and inlining preserves the correlations between variables that a separate
analysis would lose [1]. Every inlined conditional thus multiplies the number of paths.

To scale to such programs, we compare subtrees instead of pairs of paths, which requires a
number of optimisation problems linear, rather than quadratic, in the number of paths. Fig. 3b
illustrates this idea.

Our approach relies on the observation that whenever the real-valued and floating-point execu-
tions diverge, they part ways at a single condition ¢, the lowest common ancestor of their paths in
the tree (Fig. 3b). Writing L. and R, for the sets of paths through the left and right subtrees of c,
one execution follows a path p € L. in the left subtree, and the other a path g € R., in the right
subtree. For any input x in the input domain, the real-valued difference [[ fo(x) - fq(x)]]R is at most
the difference between the worst possible path in the left subtree for that input max,cz, [[ S (x)]]]R
and the worst possible path in the right subtree ming cg, [[ fa (x)]IR. Taking the absolute value of
that difference gives:

60 -kl =max{ Lol -k« Lok L0k |
©)

< max{max [0l - mip [y e ma [y 0], - min L @)

In other words, we are comparing subtrees instead of individual paths. This bound has two advan-
tages. First, it depends only on the condition ¢ where the paths part ways, not on the paths p and
q themselves. A single bound on the divergence error per condition therefore covers every pair
of paths diverging there. A tree with n paths has n — 1 conditions, so we need only n — 1 bounds,
instead of one per pair of paths, which is quadratic in n.

Second, although this bound contains more terms, the total number of terms across all bounds
never exceeds that of all pairwise comparisons. Writing n for the number of paths in the tree and h
for its height, subtree comparisons produce O(n - h) terms in total, compared to O(n?) for pairwise
comparisons.
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8 Anon.

Returning to the example in Fig. 2, consider a divergence at y < 0 (line 2). The left subtree has
leaf expressions —1 and y (line 3), and the right subtree y* and y (line 5). Instead of comparing the
four pairs of paths, we bound the differences max(—1,y) — min(y?, y) and max(y?, y) — min(-1, y)
and take the max of those.

Comparing subtrees comes however at a cost in precision. When comparing two paths p and g in
the pairwise approach, Eq. (8) constrains x to both relaxed path conditions ¢, (x) and ¢4(x). A sub-
tree comparison, in contrast, ranges over all paths of each subtree at once, so it cannot add the condi-
tions below ¢ in the constraints of the optimisation problem. In Fig. 2, this means that the nested con-
ditions y < —1 (line 3) and y < 1 (line 5) cannot be used as constraints when maximising the bound.

Putting the pieces together, for each condition c in the program, we solve two optimisation
problems (8. and §.), one per argument of the right-hand side of Eq. (9). Both problems are
constrained by (i) the path condition ¢.(x) leading to c, and (ii) the constraints on which inputs
can possibly diverge. For a condition ¢ of the form c;(x) < cz(x), we thus solve

b =max max[f0], ~min[fol, % =max max[f(0], - min [

st @c(x) A —(ec, + €c,) < [lea(x) —c1(x) g < &, + €,
and the error of the function is bounded by

max max(dc, §,) + max .
c P

3.3 Refining the Bounds

Subtree comparison drops the path conditions below the diverging condition, which can make
the bound much looser. In Fig. 2, to bound the divergence error at the condition y < 0 (line 2), we
maximise max(—1,y) — min(y? y) and max(y® y) — min(-1, y) within the band —¢, < y < ¢, ie,
y =~ 0. The first problem yields a very small bound, since both sides of the subtraction are close to 0.
The second, however, yields a bound close to 1. Since the function is continuous at y = 0, the actual
roundoff error caused by a divergence there is tiny, so this bound is far from tight.

This looseness comes from the leaf -1.0 that is only reachable when y < —1. This condition is
incompatible with the band around 0, but because we drop path conditions below the diverging
condition, the bound still includes this leaf.

To recover the tightness lost by subtree comparison, we refine the largest bounds it produces.
We illustrate this process in Fig. 3c. Suppose the largest bound is at condition c, and let ¢’ be the
condition of its left subtree, which splits L. into L and R.-. Each path in L. continues into either
L. or R, so comparing L. with R, is equivalent to comparing (i) L with R, and (ii) R, with R;. On
its own, this split does not change the bound. It does, however, let us constrain the first comparison
by the relaxation of ¢’, and the second by the relaxation of its negation, recovering part of the path
conditions that subtree comparison dropped.

On the example in Fig. 2, a single refinement step eliminates the pessimistic bound. We split
max(y?, y) — min(—1, y) into two subproblems. The first, max(y?, y) — (=1), is constrained by both
the diverging region y ~ 0 and the relaxed condition of line 3, y < —1 + ¢,. These constraints
contradict each other, so the problem is infeasible and does not contribute to the overall bound.
The second, max(y?,y) — y, is constrained by y ~ 0 and the relaxed negation of the same condition,
y > —1—¢,, and yields a bound very close to 0. A divergence at y < 0 (line 2) thus contributes only
a small error, matching the bound of pairwise comparison.

Our approach applies refinements on the largest bound, and proceeds in decreasing order. In
the limit, continuing to apply refinements until there are no more bounds to be refined results
exactly in a pairwise path comparison, with a quadratic number of optimisation problems in the
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worst case. In practice, a small number of refinement steps suffices, for two reasons. First, many
subtree comparisons are infeasible, because no input near the diverging condition can reach both
subtrees (Fig. 5 in the appendix). A single infeasible problem then rules out every pair of paths
between the two subtrees at once, where pairwise comparison checks each pair separately, and
such bounds never need refinement. Second, we have observed empirically that refinement has
diminishing returns: refining the few largest bounds already brings the result close to that of
pairwise comparison (Fig. 6 in the appendix). Our implementation therefore allows a number of
refinement steps linear in the number of paths, so that the total number of optimisation problems
remains linear as well. In our evaluation (Sec. 6), we use one refinement step per condition, and
our ablation study shows that, with the same total time, refinement then matches the bounds of
pairwise comparison on all benchmarks, whenever it finishes.

3.4 Solving the Optimisation Problems

Solving these optimisation problems requires care: most optimisers compute in floating point, so
their own roundoff errors could make the bounds unsound. Two kinds of solvers avoid this: SMT
solvers, which reason exactly over the reals, and branch-and-bound solvers, which rely on interval
arithmetic. SMT solvers such as Z3 [24] and cvc5 [5] are precise and are what Rosa uses, but in
our experience they often time out on the constraints that encode our divergence regions. Branch-
and-bound solvers split the search space into intervals, bound the objective on each interval with
outward-rounded interval arithmetic, and discard the intervals that cannot satisfy the constraints
or cannot contain the maximum. The result is an interval guaranteed to contain the maximum.

Our analysis is sound with any solver that returns a rigorous upper bound on the maximum; in
our implementation, we use the branch-and-bound solver Ibex [44]. Ibex is based on contractor
programming [10]: contractors shrink each interval to the part that may satisfy the constraints,
so the search reaches the constraint set quickly, even when it is as thin as our divergence regions.
We also tried Kodiak [50] and Gelpia [51], the branch-and-bound solvers used by PRECiSA and
Seesaw [22] (an unsound tool computing divergence errors), but in preliminary tests neither
matched Ibex on our problems. Ibex also degrades gracefully: when it runs out of time, it still
returns a sound interval around the maximum, namely the tightest one it has found so far. A
timeout thus makes our bounds looser, but never unsound.

Our implementation uses two optimisations, neither of which affects soundness. First, before
optimising a problem, we check whether its constraints are satisfiable, which quickly rules out
divergences that cannot occur. Second, when Ibex solves an optimisation problem, we also give it
the largest bound computed so far that can no longer be refined. Ibex can then stop as soon as it
proves that the maximum of the current problem does not exceed this bound. Since this largest
bound is final, the overall error bound is at least as large, so stopping early does not change it.

Finally, besides the bound, Ibex returns a small interval around the input with the largest objective
value it found. This interval is where our dynamic analysis starts its search (Sec. 4).

4 Dynamic Analysis

While static analysers provide guarantees by computing a sound upper bound on the worst-case
error, they do not make this bound actionable. In particular, the user cannot tell whether a divergence
reported by the analyser is a false alarm, how far the bound is from the true worst-case error, or
which inputs trigger the divergence. We therefore design a dynamic analysis that finds inputs
triggering divergence and derives an empirical lower bound on the program’s worst-case error.
Our analysis builds on shadow execution [16] for estimating the roundoff error of floating-point
arithmetic. Shadow execution runs the program in floating-point and a higher-precision arithmetic
side by side, and considers the difference in the result to be an estimate of the true roundoff error on
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ifxx*x+y>1 ifx*x+y>1 ifx*x+y>1

then then then

else @

= x2+y=1 [J solution interval returned by Ibex diverging region @ input triggering no divergence @ input triggering divergence

Fig. 4. Dynamic analysis overview: (1) widen the solution interval returned by Ibex, (2) bisect the widened
interval to find a divergence-triggering input, and (3) apply mutation-based fuzzing to find more inputs.

the particular input. The higher-precision arithmetic execution replaces exact real-valued execution,
since the latter can be prohibitively expensive (e.g. when implemented with rationals) or infeasible
in the case of transcendental functions. Vanilla shadow execution [16] typically assumes that both
the floating-point and the higher-precision version of the program take the same path.

Extending this analysis to cover divergence errors faces two challenges. First, divergence-
triggering inputs are rare: they typically lie in narrow regions of the input space close to branch
boundaries, so unguided random sampling is unlikely to find them within a practical time budget.
Second, nested conditionals give rise to several possible divergences, each of which can induce a
different error magnitude; since the lower bound is only as tight as the worst divergence found, the
analysis must exercise as many of them as possible.

Our core idea to find divergence-triggering inputs is to use the results of the static analysis to
narrow down the regions where they may lie. For each possible divergence, when Ibex maximises
the difference between two subtrees or two paths, it also returns an interval containing the input
at which this maximum is reached. Since one of the constraints given to Ibex overapproximates
the divergence region, this interval is likely to lie inside or close to the actual divergence region.
However, because the constraint is only an overapproximation, the interval may fall entirely outside
the actual region, so sampling within it alone is not enough.

We therefore widen each interval returned by Ibex as illustrated in Fig. 4 (1). Widening makes it
more likely that the interval contains divergence-triggering inputs, but also makes it too large to
search exhaustively. To find a divergence-triggering input efficiently, we use a bisection search to
approach the boundary between the then and andelse branch of the condition, since divergence-
triggering inputs necessarily lie close to this boundary (Fig. 4 (2)).

Our goal, however, is not only to find one divergence-triggering input but to maximise the
resulting error, which requires finding many such inputs. Rather than repeating the bisection,
we exploit the observation that divergence-triggering inputs tend to lie close to one another by
randomly mutating the input found by bisection to discover neighbouring divergence-triggering
inputs (Fig. 4 (3)). We detail the bisection and mutation steps below.

(2 Bisect towards the branch boundary. Inspired by the approach of Chiang et al. [13], we
uniformly sample up to N inputs in the widened interval until we find two inputs x and y, such
that the original program takes different paths on them. If x, or y, triggers divergence, that is, if
the shadow program takes a different path on one of these inputs than the original program, we
have found a divergence-triggering input. Otherwise, we check whether the midpoint of xy and
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yo triggers divergence and, if not, use it to replace whichever of x; and y, takes the same path
in the original program. Repeating this process ends either with a divergence-triggering input
or with x¢ and y, being adjacent floating-point values. The latter can happen if the conditional
cannot diverge, or if the widened interval still lies entirely outside the divergence region. In
that case, or if no such pair is found among the N samples, we return to step (1) with a larger
widening factor. We abandon the search for this conditional when the sampling or time budget
is exhausted, or when the widened interval covers the entire input domain.

(3 Mutate divergence-triggering inputs. The neighbourhood of a divergence-triggering input
is likely to contain more of them, so we explore it with random local mutations. We flip each bit
of the input’s binary representation with a probability that decreases geometrically from the
least significant bit: 1/2 for the last bit, 1/4 for the penultimate one, and so on. Small mutations
are thus the most likely, which keeps the search close to known divergence-triggering inputs,
while occasional larger ones let it escape regions where such inputs are sparse. If a mutated
input triggers divergence, we keep it and continue the search from it.

Since Ibex takes the function’s precondition into account, the inputs it returns satisfy it. Widening
and mutation can still produce inputs that do not, which we discard.

Without the intervals returned by Ibex, bisection alone finds only the most likely divergences
and may miss deeply nested ones. This problem grows with nesting depth: reaching a divergence in
an inner conditional also requires satisfying the enclosing conditions, so each divergence becomes
less likely to be triggered. Sampling within the intervals returned by Ibex addresses this, because
the static analysis identifies all possible divergence regions regardless of how likely they are to be
hit. Restricting the search to these intervals rather than the whole input domain also reduces the
number of samples and bisection steps needed to find divergence-triggering inputs, which matters
for programs that are expensive to run. Mutation, in turn, increases the number of divergence-
triggering inputs found in each region, bringing the empirical lower bound closer to the true
worst-case error. Sec. 6.6 evaluates the contribution of each step in an ablation study.

5 Implementation

We implement our approach in Stainless, a general-purpose deductive verifier for Scala. Due to
prior advancements introduced in [30], its floating-point support can already handle checking that
a function’s output is finite (not infinite or Not a Number) via the SMT-LIB floating-point theory.

Stainless first normalises the program into a control-flow tree. The inner nodes of the tree are
comparisons between straight-line arithmetic expressions and leaves are straight-line arithmetic
expressions. Stainless also inlines function calls and let bindings, and hoists conditional expressions,
among other transformations. All roundoff error computations of straight-line expressions are then
discharged in a single batch via Daisy [18]. We use Daisy because it is reasonably fast, but other
straight-line analysers, such as FPTaylor [51], could be used instead. Stainless supports both Float
and Double types and all Scala standard library elementary functions that Daisy supports. Since the
static and dynamic analyses are both included in Stainless, users can verify the roundoff error with
other functional properties, and Stainless reports all results together.

Analysis Timeout. The user sets a single timeout for the entire analysis. The static analysis
returns a sound bound within it, since Ibex degrades gracefully (Sec. 3.4). Having an adjustable
timeout per optimisation problem would make the total running time unpredictable as the number
of problems is program-dependent. Stainless reports a timeout in only two cases: (i) on programs
with very many paths when normalisation exceeds the timeout; and (ii) when the remaining time
per optimisation problem is less than 1 ms, because it is less than the overhead of starting Ibex.
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Once Daisy has computed the straight-line roundoff bounds, Stainless splits the remaining time
equally between subtree comparisons and refinement. Within each half, each problem receives the
remaining time divided by the number of problems left; unused time passes to the next problem, and
leftover time from the first half goes to refinement. Stainless performs a fixed number of refinement
steps per condition (one by default) and stops early if the largest bound can no longer be refined; on
harder problems, the user can increase this number to obtain tighter bounds. The dynamic analysis
receives the same timeout as the static analysis, and searches for inputs until it runs out.

Dynamic Analysis. We implement our approach for the dynamic analysis as a Scala compiler
plugin. The plugin generates a shadow copy of the program that replaces 32- and 64-bit floating-
point operations with high-precision ones, using the MPFR library [27] with 128-bit precision to
approximate real arithmetic, and instruments both programs to record every branch they take.
We compute the error of an execution as the absolute difference between the outputs of the two
programs. This difference also includes the shadow program’s own roundoff errors, but at 128-bit
precision these are much smaller than the 32- and 64-bit errors we measure.’

At the end of this process, the dynamic analyser reports all the divergence-triggering inputs
it found, grouped by the condition at which divergence occurs, together with the paths that the
original and shadow programs take on each input. This lets the user see which inputs trigger each
divergence and focus on the ones they want to address.

Supporting Main Features of Scala. Stainless splits conditions that combine comparisons with
Boolean operators into nested conditionals. For example, it rewrites if (cl & c2) t else e into
if (cl) { if (c2) t else e } else e.

Algebraic data types and case classes (similar to structs in C) are Scala’s building blocks for
organising floating-point data, such as 2D and 3D vectors. When a function parameter is a case
class, we introduce a variable for each of its fields, recursively for nested case classes, and substitute
these variables for the corresponding field accesses in the function body. Since function calls are
inlined beforehand, we can then statically resolve the remaining field accesses on case class values
constructed in the body (e.g., Vec(a, b).x becomes a), so that the analysed expressions contain
only floating-point variables and operations. As PRECiSA 4 does for records [52], when a function
returns a case class, Stainless analyses and reports the error of each field separately, while exploiting
their shared control flow (e.g., when pruning unreachable paths).

We support sum types (enums) such as Option, and treat Booleans as a sum type with two
constructors. When a function returns a sum type, we first generate a verification condition that
checks whether divergence can cause the real and floating-point executions to return different
constructors (e.g., Some and None). We then generate a verification condition for each constructor
with floating-point fields, and analyse only the paths that return it. When a function takes a sum
type as input, we run the static analysis once per constructor. The dynamic analysis handles them
analogously: it reports its results per field for case classes and, for sum types, the number of inputs
on which the two executions return different constructors.

While some analysers for straight-line code support mixed integer and floating-point arithmetic,
rigorous real-valued constraint solvers do not. We therefore treat integer inputs involved in floating-
point computations as reals. Assuming no overflow, this soundly, if loosely, overapproximates the
divergence error they induce. Stainless already checks for integer overflows via SMT queries. We
do not yet support integer division, which rounds its result. For conditions that do not depend on
floating-point values, we skip the divergence analysis, since no divergence can occur.

3These errors can be made arbitrarily small by increasing the precision further. In our case, the Java Native Interface crashes
for any precision higher than 128 bits.
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6 Evaluation

We evaluate our enhanced implementation of Stainless, with Daisy [18] as the backend for straight-
line code and Ibex for constrained optimisation. We answer four research questions.

RQ1 On branching floating-point programs, how do the error bounds of Stainless compare with
the state-of-the-art tools PRECiSA, Fluctuat, and Rosa?

RQ2 How does Stainless scale as the amount of branching increases?

RQ3 To what extent can Stainless bound roundoff errors in real-world floating-point programs?

RQ4 How effectively does Stainless find inputs that trigger divergence?

We consider only benchmarks with direct or indirect branching. Without it, the evaluation would
reduce to comparing Daisy with other straight-line backends, which can be found elsewhere [18].

6.1 Benchmarks

FPBench. We select all 5 benchmarks from the standard benchmark suite for comparing floating-
point analysers FPBench [17] that are loop-free and contain conditional statements. However, none
of them calls auxiliary functions and only one contains a nested conditional.

Real-world user benchmarks mined from GitHub. We sample 300 loop-free functions with at least
one conditional statement from a recent data set of real-world floating-point code from GitHub [31].
The vast majority of the functions rely on external libraries that are unsupported by Stainless
(108), unbounded data structures or recursion (116), or features that it could not parse prior to our
changes (57, e.g., macros, concurrency, I0). Excluding these leaves 19 benchmarks, and adding their
callers from the same repositories yields 6 more, for a total of 25 benchmarks.

Case study. The two suites above focus on isolated functions from disjoint contexts. To assess
whether Stainless can analyse entire modules of a code base, we conduct a case study on the statistics
module of Algebird [53]: an abstract algebra library developed at Twitter (now X) and one of the
most popular Scala repositories on GitHub (2.3k stars as of Oct 2026). The module computes statistics
over large datasets in a distributed setting. Each machine computes partial statistics on its share of
the data and these statistics are then merged. Merging is order-independent over the reals but not
in floating point, so the module’s tests only check that merging in different orders gives the same
result, up to a hand-picked tolerance. We analyse these merge functions, and benchmarks inspired
by Algebird’s test suite, and bound the roundoff error. We translate each benchmark into the input
language of each other tool when that language can express it, and report unsupported otherwise.

Stress tests. Finally, to obtain heavily branching code, we use four families of stress tests whose
number of paths grows with the number of unrolled loop iterations or recursive calls of general
algorithms. mlp are neural networks with clipping activations, which we trained with PyTorch
v2.14.1 [45] to classify points on a 2D circle [49], bouncingBall is a physics simulation, rayMarching
aray-tracing algorithm, and stepResponseArea computes the area under a controller’s step response.

6.2 Experimental Setup

We compare Stainless with PRECiSA v4.2.0 [52], Fluctuat [33]*, and Rosa [20].” For a fair comparison,
we consider Fluctuat in two configurations: without interval subdivision (fast, but loose bounds)
and with 10k subdivisions split in input variables (slow, but tighter bounds). We found no option in
the other tools with a comparable effect on the tradeoff between accuracy and running time. We run

4Fluctuat is closed source; we used the version the authors sent us.
Shttps://github.com/malyzajko/rosa/tree/68e58b8c2f334ddde0f7647dc2d9c9ecc30309af
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PRECISA without the - -assume-stability flag® and Rosa with default settings. All configurations
account for divergence. To show that the effectiveness of our approach does not depend on the choice
of backend, we report both the total error and the roundoff error ignoring divergence. All reported
bounds are absolute. We run Stainless with timeouts of (i) 5 seconds, to show what it outputs under
time pressure; (ii) 30 seconds, representing a typical user scenario; and (iii) 600 seconds, to assess
capabilities under a generous time budget. Since the other tools do not return intermediate results
when interrupted, we give them a 10-minute timeout, and 20 minutes on the stress tests, and report
t/o when it expires. We execute each benchmark 5 times. We report the execution with the median
bound to avoid outliers (degenerate bounds, timeouts, or infinities) from skewing the results. We
report the analysis time measured by each tool to exclude startup and parsing overhead.

Comparison Exclusions. Real2Float [40] claims to support conditional statements, but in our
experiments, it raises a runtime error on every such program. Seesaw [22] also supports condi-
tionals, but it builds on Satire [21], which trades soundness for scalability by discarding part of
the error term. We also found that its implementation ignores the roundoff error of the inputs. A
fair comparison with sound tools is therefore difficult. Despite these underapproximations, Seesaw
times out on roughly the same benchmarks as Rosa (cf. Table 5 in the appendix). For these reasons,
we exclude Real2Float and Seesaw.

Machine Environment. We run Stainless with OpenJDK 25.0.4.1 and Scala 3.10.0 on a machine
with a 12-core AMD Ryzen 9 5900X CPU and 128 GB of RAM, running Ubuntu 24.04. Unless stated
otherwise, we run all experiments sequentially with BenchExec [7], pinning each run to a single
core and limiting it to 32 GB of memory.

6.3 RQ1: Comparison with State-of-the-Art

Table 1 shows the error bounds computed by each tool on FPBench, the case study functions and
tests, and the stress tests, for the benchmarks on which at least one tool returns a finite bound.
Tables 6 to 9 in the appendix show more detailed results, including roundoff errors for straight-line
code without divergence errors. All tools often bound the roundoff error along individual paths
more tightly than Daisy, yet compute much looser total bounds, so Stainless’s advantage comes
from how it bounds the divergence error. On 9 of the case-study benchmarks, the roundoff error
along individual paths contributes even more to Stainless’s bound than the divergence error.

On FPBench, Stainless’s bounds are on par with Rosa’s, except on smartRoot, where Daisy
reports a possible square root of a negative number, and Stainless returns a possible NaN. Stainless’s
finiteness check shows that this alarm is spurious when given more than 30 seconds. On the case
study, Stainless computes bounds at least 8 orders of magnitude tighter than existing tools on all
benchmarks except corrScale.mlx, where all tools reach the same bound. These functions operate
on statistical moments, whose ranges can grow very large, and both Fluctuat and PRECiSA amplify
the error over such ranges because they rely on abstract interpretation.” Rosa first bounds ranges
by solving optimisation problems with Z3; when Z3 fails to return a bound, it falls back to abstract
interpretation, and its bounds become equally pessimistic.

On the stress tests and the case-study tests, Rosa and PRECiSA time out or run out of memory on
most benchmarks. Fluctuat computes bounds within one or two orders of magnitude of Stainless’s on
8 of 18 stress tests. On stepResponseArea3 and rayMarching2, Fluctuat computes a tighter bound than
Stainless, because Ibex does not have enough time to tighten all problems. Fluctuat’s default mode

®The flag assumes that the floating-point execution will always take the same conditional branches as real execution.
7 Although PRECISA is designed to be tighter than Fluctuat, its authors confirmed to us, on a representative example, that it
cannot compute significantly tighter bounds on these benchmarks.
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637 Table 1. Absolute total error bounds, assuming rounded inputs. Stainless runs with timeouts of 5, 30 and
688 600 s. Analysis times are in brackets. Fluctuat runs without (fast) and with (tight) 10k interval subdivisions.
The tightest bound of each row is in bold, t/o denotes a timeout and error a crash or out of memory.

689

690

691 Benchmark #paths Stainless Fluctuat PRECISA Rosa

692 5s 30s 600s fast tight

693 FPBench (10 min timeout)

694 cav10 2 2.9 2.9 2.9 1.0e2 (<10ms) 2.9 (3.0s) 1.0e2 (0.9 ms) 2.9(6.2s)
smartRoot 4 oo/NaN oo/NaN oco/NaN NaN NaN NaN 5.3e-15(255)

695 squareRoot3Invalid 2 1.2e-9 1.2e-9 1.2e-9 043 (<10ms) 1.9e-8(2.0s) 2.7 (0.7 ms) 1.2e-9 (5.8s)

696 squareRoot3 2 13e-11 1.3e-11 1.3e-11 0.43(<10ms) 3.0e-8(2.0s) 2.7 (0.8ms) 1.3e-11(5.7s)

697 Case study (10 min timeout)

698 avgGroupPlus.value 8 2.5e2 29 1.3 1.9¢9 (<10ms)  1.7e8 (12s)  3.1e8(290s)  unsupported
corrScale.c2 2 8.6e-5 8.6e-5 8.6e-5 2.5ell(<10ms) 1.0e10(16s) 2.5e1l(2.2ms) 3.8e6 (1.4s)

699 corrScale.m0 2 34e-10 3.4e-10 3.4e-10 2.5e5(<10ms) 2.1e4 (16s)  1.0e6 (2.2 ms) 15(1.05)

700 corrScale.m1x 2 1.0e3 1.0e3 1.0e3 1.0e3 (<10ms) 1.0e3 (16s) 1.0e3(2.2ms) 1.0e3 (735 ms)
corrScale.m2x 2 8.6e-5 8.6e-5 8.6e-5 6.3e10(<10ms) 5.2e9 (16s) 2.5ell(2.2ms) 3.8e6 (734 ms)

701 combinedMean 8 6.6e2 33 1.7 1.9¢9 (<10ms) 1.7e8 (11s)  3.1e8 (171s) t/o

702 momMonoidPlus.m1 9 8.8e2 43 2.0 1.9¢9 (10ms)  5.7e8 (76 s) t/o t/o
momPlus.m1 8 0.029 0.029 0.029 5.0e8 (<10ms) 1.0e8 (32s) 2.3e7 (2755) t/o

703 momScale.m0D 2 3.4e-10 3.4e-10 3.4e-10 5.0e5(<10ms) 2.0e4 (10s) 1.0e6 (2.0ms)  8.0e6 (1.3s)
momScale.m2 2 8.6e-5 8.6e-5 8.6e-5 1.2ell(<10ms) 5.0e9(10s) 2.5ell(2.0ms) 2.0e12 (918 ms)

704 momScale.m3 2 0038  0.038 0.038 1.0el4(<10ms) 5.0el12(10s) 1.0el4 (2.0ms) 8.0el4 (836 ms)

705 momScale.m4 2 38 38 38 5.0e16 (<10ms) 2.5e15(10s) 1.0el7 (2.0ms) 8.0el7 (666 ms)

706 Case-study tests (10 min timeout)

707 avgAssoc3Lhs.value 64 t/o 2.7€3 2.9e3 1.9e7 (10ms)  7.7e5(31s) t/o unsupported
avgAssoc3Rhs.value 64 t/o 2.3e3 1.1e3 1.5e7 (10ms)  7.4e5(32s) t/o unsupported

708 avgAssoc4Lhs.value 512 t/o t/o 5.4e3 2.9¢7 (10ms)  2.9e6 (73s) t/o unsupported

709 avgAssoc4Rhs.value 512 t/o t/o 8.4e3  1.9¢9(10ms)  5.0e7 (67s) t/o unsupported
corrDistrLhs.m1x 130 t/o 54 0.63 1.9¢5(10ms)  8.4e4 (111s) error error

710 corrDistrLhs.m1y 130 t/o 1.3e3  2.2e2  1.9e5(10ms) 8.4ed (111s) error error

711 corrDistrRhs.m1x 260 t/o t/o 88 00 oo t/o t/o
corrDistrRhs.m1y 260 t/o t/o 1.2e3 o0 o0 t/o t/o

712 corrMonoidPlus.m1x 65 t/o 1.5e2 4.1 1.9¢9 (10ms)  8.4e8 (113 ) t/o t/o
corrMonoidPlus.mly 65 t/o 1.3e3 8.8e2 1.9¢9 (10ms)  8.4e8 (113s) t/o t/o

713 momAssocLhs.m1 81 t/o t/o 6.1e2 1.9¢7 (20ms)  4.2e6 (2715s) error error

714 momAssocLhs.m2 81 t/o t/o 1.1e8 6.0el4 (20ms) 3.4el13 (271s) error error
momAssocLhs.m3 81 t/o t/o 1.8e15 1.5e22 (20ms) 2.1e20 (271s) error error

715 momAssocLhs.md4 81 t/o t/o  7.5e18 3.6e29 (20ms) 1.2e27 (271s) error error

716 momAssocRhs.m1 81 t/o t/o 6.1e2 1.6e7 (20ms)  3.6e6 (268 s) error error
momAssocRhs.m2 81 t/o t/o 2.2e8  6.0el4 (20ms) 3.4e13 (268s) error error

717 momAssocRhs.m3 81 t/o t/o 1.7e15 1.5e22 (20ms) 2.1e20 (268s) error error

718 momDistrLhs.m1 18 1.6e2 7.5 0.29 1.9¢5 (10ms)  7.3e4 (78s) error error
momDistrRhs.m1 36 t/o 3.3e2 57 00 error t/o error

719 .
Stress tests (20 min timeout)

720 bouncingBall1 8 0.22 0.22 0.22 5.2 (<10 ms) 2.2(74s) 38 (25 ms) 7.8 (155s)

721 bouncingBall2 32 2.1 0.40 0.40 7.3 (<10 ms) 4.4 (13s) t/o 9.4 (1149s)

792 bouncingBall3 128 t/o 0.57 0.57 9.7 (<10 ms) 6.7 (20s) error t/o
bouncingBall4 512 t/o 10 0.75 12 (10 ms) 9.2 (28s) error t/o

723 bouncingBall5 2.0k t/o t/o 0.93 15 (10 ms) 12 (38s) error t/o
bouncingBall6 8.2k t/o t/o t/o 18 (10 ms) 15 (49s) error t/o

724 rayMarchingl 256 6.2 22 0020 48 (<10ms) 2.3 (20s) t/o t/o

725 rayMarching2 33.0k t/o t/o 20 14 (10 ms) error t/o error
rayMarching3 4.2M t/o t/o t/o 27 (10 ms) error error error

726 stepResponseAreal 4 2.1e-5 2.0e-5 2.0e-5 3.4 (10 ms) 2.4e-4 (57s) 1.4 (109s) unsupported

797 stepResponseArea2 34 t/o 0.18  2.4e-4 3.4 (10 ms) 0.023 (149 s) error unsupported
stepResponseArea3 2.3k t/o t/o 2.1 3.4(30ms)  0.042(345s) error unsupported

728 stepResponseAread 10.7M  t/o t/o t/o 3.4 (70 ms) 3.6 (778's) t/o unsupported

729 mlp1 9 9.8e-15 9.8e-15 9.8e-15 3.4 (<10ms) 0.067 (9.2's) 13 (252 ms) 13 (155)
mlp2 81 20 3.0e-13 3.0e-13 4.4e2 (<10 ms) 3.7 (18 s) t/o t/o

730 mlp3 729 t/o  6.4e-14 6.4e-14 40 (<10ms) 0.41 (24s) error t/o
mlp4 6.6k t/o t/o  1.5e-12 1.1e3 (10 ms) error error t/o

731 mlp5 59.0k t/o t/o t/o 1.6e3 (10 ms) error error error

732

733

734

735
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Table 2. Ablation study on the stress tests. Absolute total error bounds computed by Stainless on rounded
inputs for pairwise path comparison (Pairwise) and subtree comparison with and without refinements. #p is
the number of paths. The tightest bound of each row is in bold.

Benchmark #p ‘ Pairwise Without refinements With refinements

| 5s 30s 600s | 5s 30s 600s | 5s 30s 600s
mlpl 9 9.8e-15 9.8e-15 9.8e-15 8.7 9.8e-15 9.8e-15 | 9.8e-15 9.8e-15 9.8e-15
mlp2 81 t/o 3.0e-13 3.0e-13 | 1.6e2 2.0e2 4.1 20 3.0e-13 3.0e-13
mlp3 729 t/o t/o t/o t/o 15 23 t/o 6.4e-14 6.4e-14
mlp4 6.6k t/o t/o t/o t/o t/o 13 t/o t/o 1.5e-12
mlp5 59.0k t/o t/o t/o t/o t/o t/o t/o t/o t/o
rayMarching1 256 t/o t/o 0.022 6.2 6.0 6.0 6.2 2.2 0.020
rayMarching2 33.0k t/o t/o t/o t/o t/o 29 t/o t/o 20
rayMarching3 4.2M t/o t/o t/o t/o t/o t/o t/o t/o t/o
bouncingBall1 8 0.22 0.22 0.22 2.2 0.22 0.22 0.22 0.22 0.22
bouncingBall2 32 0.40 0.40 0.40 4.6 4.6 0.40 2.1 0.40 0.40
bouncingBall3 128 t/o t/o 0.57 t/o 5.3 5.8 t/o 0.57 0.57
bouncingBall4 512 t/o t/o t/o t/o 8.7 10 t/o 10 0.75
bouncingBall5 2.0k t/o t/o t/o t/o t/o 7.7 t/o t/o 0.93
bouncingBall6 8.2k t/o t/o t/o t/o t/o t/o t/o t/o t/o
stepResponseAreal 4 2.0e-5 2.0e-5 2.0e-5 | 2.0e-5 2.0e-5 2.0e-5 | 2.1e-5 2.0e-5 2.0e-5
stepResponseArea2 34 t/o t/o 2.4e-4 t/o 0.67 0.086 t/o 0.18 2.4e-4
stepResponseArea3 2.3k t/o t/o t/o t/o t/o 2.1 t/o t/o 2.1
stepResponseAread4 10.7M t/o t/o t/o t/o t/o t/o t/o t/o t/o

scales extremely well with the number of paths: it returns a bound on almost every benchmark on
which Stainless does, and on four more on which Stainless times out. Its interval-subdivision mode is
significantly slower, but still returns a bound on the same benchmarks except four, where it crashes.

Across 5 runs, the bounds of the competing tools are identical, as are Stainless’s on 33 of 52
benchmarks. Stainless bounds vary more only on the four avgAssoc outputs and rayMarching?
(factor 2.7 to 6.1), and differ by at most 6 % on the remaining benchmarks.

RQ1 finding: Stainless computes the tightest bounds on almost all benchmarks, often by
several orders of magnitude. It also returns a bound on almost all benchmarks, whereas Rosa
and PRECIiSA time out or run out of memory on most programs with more than two paths.

6.4 RQ2: Scalability of Stainless as Branching Increases

To measure how our approach affects the scalability of Stainless, we run an ablation study on
the stress tests and the case-study tests. For each benchmark, we measure the bound computed
by Stainless in three configurations: comparing every pair of paths, which simulates existing
techniques but uses the same solver; comparing subtrees without refinement; and comparing
subtrees with as many refinement steps as there are conditions in the program. Table 2 shows the
results on the stress tests, and Table 10 in the appendix those on the case-study tests.

On the stress tests, pairwise comparison produces too many optimisation problems and times
out on all functions with more than 256 paths, even with a 10-minute budget. Subtree comparison,
with or without refinement, solves within 30 seconds every benchmark that pairwise comparison
solves in 10 minutes, and with a 10-minute budget, it solves almost twice as many. With or without
refinement, it times out only on benchmarks with 8k paths or more.

Refinement also significantly tightens the bounds on the stress tests, matching those of pairwise
comparison whenever the latter finishes. On rayMarchingl, it even computes tighter bounds than
pairwise comparison: since it solves fewer problems, each problem receives a larger share of the
time budget, so the solver can tighten it further.
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Table 3. Absolute total error bounds computed by Stainless on the GitHub benchmarks, assuming rounded
inputs, with timeouts of 5, 30 and 600s. #p is the number of paths. cases rows indicate whether divergence
can make the floating-point and real-valued executions return different constructors (e.g., Some and None).

Benchmark #p 5s 30s 600s ‘ Benchmark #p  5s 30s 600s
removeDatum.Some.v.average 3  NaN NaN NaN | recall 2 NaN NaN NaN
removeDatum.Some.v.count 3 0 0 0 valueExprs.DoubleConst.value 4 NaN  NaN NaN
removeDatum.cases 3 no no no valueExprs.SqlTypedNull.precOpt 4 0 0 0
findClosestDivision 4 unsupported valueExprs.cases 4 yes yes yes
standardRemapping 16 unsupported samplesFraction 4 75e-9 75e-9 7.5e-9

—_
&

initialize 0.10 0.10 0.10 | Tweedie.deviance 4.1e4 1.9e4 3.0e3

NaN NaN NaN
4.9e-4 4.9e-4 4.9e-4

4.0e-14 4.0e-14 4.0e-14 | Circular.easeInOut
unsupported Exponential.easeInOut
NaN NaN NaN

pink._3
logLogistic
f1

6
project 3 1lle-13 1l.le-13 1.le-13 | Binomial.deviance 4 NaN  NaN NaN
fixLineSpacing 2 1.0 1.0 1.0 convertToTimeUnit 7 t/o  7.3e-12 7.3e-12
bone._1 3 18e-15 1.8e-15 1.8e-15 | jValueDecode 5 unsupported
bone._2 3 2.2e-15 2.2e-15 2.2e-15 | ylogy 2 NaN NaN NaN
bone._3 3 2.0e-15 2.0e-15 2.0e-15 | Poisson.deviance 2 NaN NaN NaN
hot._1 3 8.5e-16 8.5e-16 8.5e-16 | heal 4 3.8e-6 3.8e-6 3.8e-6
hot._2 3 17e-15 1.7e-15 1.7e-15 | plusx 4 1.0e5 1.0 2.9e-11
hot._3 3 12e-15 1.2e-15 1.2e-15 | plus.y 4 1.0e5  1.0e5 1.0e5
pink._1 3 9.8e-14 9.8e-14 9.8e-14 | update._2 4 63 16 0.49
pink._2 3 4.0e-14 4.0e-14 4.0e-14 | update.cases 4 yes yes yes

3 2

2 4

8

On the case-study tests, the trend is the same. There, however, the bottleneck is the complexity
of each problem rather than their number, so the bound depends mostly on the time each problem
receives. As a result, on 6 of 20 benchmarks, subtree comparison computes tighter bounds without
refinement than with it, since each initial problem then receives twice as much time.

ROQ2 finding: Subtree comparison scales far beyond pairwise comparison: it solves within 30
seconds every benchmark that pairwise comparison solves in 10 minutes, and almost twice
as many within 10 minutes, including programs with tens of thousands of paths. Refinement
preserves this scalability and matches the bounds of pairwise comparison whenever the latter
finishes.

6.5 RQ3: Usability in Real-World Code Verification

Table 3 shows the results on the functions mined from GitHub. Since most use Scala features other
tools do not support, we instead evaluate how much real-world code Stainless supports, and identify
the research and engineering challenges that remain towards full support.

Together, the benchmarks exercise every feature described in Sec. 5: of the 25 functions, 16 use
composite types (algebraic data types or case classes), 7 integers, 3 compound conditions, and 4
explicit NaN or infinity. Stainless does not support 4 functions: logLogistic calls loglp, which
neither Daisy nor Ibex supports; jValueDecode converts a Double to a Float; and two functions
convert floating-point values to integers. Conversions to integers introduce a source of divergence
that real-valued optimisers cannot encode directly; we leave them for future work.

Of the 22 outputs on which Stainless computes a finite bound, 15 are continuous at every condi-
tion; 3 have a real-valued discontinuity (initialize, fixLineSpacing, and Exponential.easeInOut)
and 4 do not diverge. Stainless computes small bounds on 12 of the continuous outputs, and on
all 3 discontinuous ones, a bound very close to the real-valued jump. On Tweedie.deviance and
update._2, Ibex does not exploit that the two branches share most of their computation. On most
outputs, the bound is already final at 5 seconds; on the others, more time tightens it, e.g., from 1e5
to 2.9e-11 on plus.x. In two functions, valueExprs and update, Stainless detects that divergence
can make the floating-point and real-valued executions return different constructors.
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Of the 8 outputs Stainless flags as possibly non finite, 4 are genuine and 4 are false alarms. Except
for Binomial.deviance, Stainless’s finiteness check distinguishes genuine from spurious alarms
and reports an input that triggers each genuine one. On Binomial.deviance, the check also raises a
false alarm, because of how Stainless abstracts the specification of log [30].

RQ3 finding: Real-world code relies on features that the input languages of existing tools
often cannot express, such as composite types, integers, and special values; Stainless supports
several of them. It computes small bounds on most continuous functions and bounds close to the
real-valued jump on discontinuous ones, and its finiteness check separates genuine NaN alarms
from spurious ones. Conversions to integers remain the main open challenge.

6.6 RQ4: Dynamic Analysis Effectiveness

To answer RQ4, we evaluate the dynamic analysis in an ablation study. This is necessary because
no existing tool searches for divergence-triggering inputs across all program conditions (Sec. 7).

We perform the study following Klees et al. [38]. As benchmarks, we consider every stress test
and case study output for which the static analysis reports a possible divergence. We consider
five configurations: (All) the full pipeline, with static intervals, widening, bisection, and random
mutations; (—M) the pipeline without random mutations; (—I) the pipeline on the entire input
domain, instead of the static intervals; (—B) the pipeline with random sampling within the static
intervals, instead of bisection, to find the first divergence-triggering input; and (—IM) bisection
alone on the entire input domain. Configurations that use static intervals take them from the median
run of the static analysis, measured over 5 runs and with a 600s timeout. To match the dynamic
analysis, which evaluates both semantics on the same floating-point inputs, we run the static
analysis assuming that the inputs carry no initial rounding error. We do not ablate widening as the
intervals returned by Ibex are too small to contain divergence-triggering inputs and the dynamic
analysis finds none. We run each configuration with 30 randomly generated seeds. We report the
median of three metrics: (i) the largest error found, which is a lower bound on the worst-case error;
(ii) the number of distinct divergence-triggering inputs; and (iii) the number of conditions at which
divergence is triggered. To check that a difference is not just noise, we use the Mann-Whitney U
test [3] and consider p < 0.05 significant. To quantify a difference, we report the Vargha-Delaney
effect size Ay,: the probability that a random run of the full pipeline beats a random run of the
variant [54]. We use the setup as before, but run experiments in parallel on 10 cores. Since parallel
runs can interfere in timings, we limit the runs to 1M inputs rather than a time limit.

Table 4 reports the results on all stress tests and on a representative subset of the case study,
namely every other output sorted by upper bound; Table 11 in the appendix reports all of them.
We mark statistically significant results with respect to All in blue and orange!.

On the stress tests, the dynamic analysis finds errors (first column) close to the static upper bound
(mlp3: 1.5e-15 against 6.4e—14), and on 7 benchmarks, the bouncingBall and stepResponseArea
families, it matches it. On the case-study tests, the largest error found is several orders of magnitude
below the static bound, which suggests that the bounds returned by the static analysis are loose.

The full pipeline generally finds larger errors than the other configurations on the stress tests,
while on the case study, it outperforms all configurations except —I, which searches the whole input
domain. We believe that the static bounds are very loose there, so the static intervals passed to the
dynamic analysis lie far from the diverging region, widening cannot compensate, and the search
explores the wrong region. We conclude that static intervals are most effective when the static
analysis computes tight bounds. Mutation also increases the largest error on some benchmarks,
e.g., on combinedMean from 1.8e-13 to 2.2e-13, and never decreases it significantly.
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Table 4. Ablation study of the dynamic analysis. Upper bound is the static error bound, assuming exact inputs.
Shaded cells differ significantly from All (p < 0.05) with a medium (Alz > 0.64, light) or large (Alz > 0.71,
dark) effect: blue when All is better, orangeT otherwise (Alz < 0.36 or < 0.29); white cells show no statistically
significant difference. #p is the number of paths. Full results are in Table 11 in the appendix.

‘ Upper ‘ Largest roundoff error ‘ Diverging conditions ‘ Unique diverging inputs

Benchmark # |bound| AL -M -1 =B -IM |Al -M -1 -B -IM| Al -M -1 -B -IM

Stress tests

bouncingBalll 8 0.22 0.22 0.22 0.22 0.22 0.22 2 2 2 2 2 | 14k 15k" [ 9.8k 1715 8.1k
bouncingBall2 32 0.40 0.40 0.40 0.39 0.40 0.39 3 3 3 3 3 17k 18k = 13k 200.5 10k
bouncingBall3 128 0.57 0.57 0.57 0.57 0.57 0.57 5 5 5 5 5 |27k 27k | 18k 1.4k 13k
bouncingBall4 512 0.75 0.75 0.75 0.75 0.75 0.75 7 7 7 7 7 |40k 39k 23k 2.6k 16k
bouncingBall5 2.0k | 093 0.93 0.93 0.92 0.93 0.92 10 10 10 10 10 |39 38k 25k 22k 17k
rayMarching1 256 | 0.011 | 1.0e-4 1.0e-4 0 1.0e-4 0 1 10 1 0 |24k 15k 0 12k 0
rayMarching2 33.0k 20 2.1e-4 2.1e-4 10e-4 21e-4 10e-4 |2 2 1 1 1 |102k 24k 89k 4455 8.3k
stepResponseAreal 4 | 2.0e-5| 2.0e-5  2.0e-5 20e-5 20e-5 20e-5 |1 1 1 1 1 |50k 30k 39% 30k 1.5k
stepResponseArea2 34 | 24e-4 | 2.4e-4 24e-4 24e-4 24e-4 24e-4 |3 3 3 3 3 |8k 65k 4% 18k 11k
mlp1 9 19.8e-15|4.5e-16 4.5e-16 4.2e-16 4.5e-16 4.2e-16 | 3 3 3 2 3 | 74k |40k 115k! 34k 41k
mlp2 81 |3.0e-13|9.9e-15 1.0e-14 9.0e-15 9.7e-15 88e-15| 8 8 & 8 8 | 81k 66k 62k 22k 33k
mlp3 729 |6.4e-14|1.5¢-15 1.5e-15 1.9e-15! 1.3e~15 1.8e-15'| 14 14 14 14 14 |48k 42k 51k! 3.5k 24k
mlp4 6.6k |1.5e-12|3.5e-14 3.2e-14 2.8e-14 3.le-14 2.6e-14 |20 20 20 19 20 |83k |61k 73k 23k 30k
Case study

avgAssoc4Lhs.value 512 | 5.4e3 |2.2e-13 2.1e-13 24e-13" 2.1e-13 23e-137] 27 29 19 20 20 |13k 63k 104k 284k" 33k

184k 109k 87k 3.2k 2.5k
161k 90k 85k 13k 4.7k

corrDistrLhs.m1x 130 0.63 |2.4e-13 2.3e-13 2.3e-13 [1.1e-13 2.0e-13 2
3
3 |161k 90k 85k 13k 4.7k
2
2

2
corrDistrRhs.m1x 260 88 2.5e-13 2.5e-13 2.4e-13 1.3e-13 2.2e-13 | 3
corrDistrRhs.m1y 260 | 1.2e3 |2.5e-13 2.5e-13| 2.4e-13 1.3e-13 2.3e-13 | 3

2 131k | 52k 86k 0 33k

2 131k | 52k 86k 0 33k
76k 32k 46k 0 24k
12 167k 92k 90k 5.3k 8.2k
12 167k 91k 90k 5.8k 8.2k
12 167k 91k 90k 5.8k 8.2k
12 167k 91k 90k 5.8k 8.2k
1 |455k 416k 74k 0 9

corrMonoidPlus.m1x 65 3.7 |2.2e-13 2.1e-13 2.3e-13 0 2.0e-13
corrMonoidPlus.mly 65 | 8.8¢2 |2.2e-13 2.2e-13 2.3e-13" 0 2.1e-13
combinedMean 8 1.3 |2.2e-13[1.8e=13 2.4e-13' 0 20e-13 |2 2 2
momAssocLhs.m2 81 1.1e8 | 8.9e-5 8.9e-5 8.9e-5 4.6e-5 88e-5 |14 14 12
momAssocRhs.m1 81 8.3e2 |2.7e-13 2.5e-13 2.9e-13 14e-13 2.6e-13 |14 14 12
momAssocRhs.m3 81 | 1.7e15 | 0.18 0.17 0.17 0.020 0.15 14 14 12
momAssocRhs.m4 81 | 7.5e18 | 3.5e2  33e2  4.1e2! 40 35e2 |14 14 (12
momPlus.m1 8 0.029 [1.4e-13 3.4e-14 1.6e-13 0 8.5e-14 | 1 1 1

SR B R RO O O R =
N

For the number of diverging conditions and of unique diverging inputs, the full pipeline consis-
tently matches or outperforms the other configurations. Both bisection and static intervals help
reach diverging conditions: on avgAssoc4Lhs, removing either significantly reduces the number
of diverging conditions found (27 against 19 and 20). As expected, mutation does not help reach
new diverging conditions, but exploits those already found. Finally, the full pipeline finds the
most unique diverging inputs on 31 of 37 benchmarks, even when compared with the best other
configuration on each benchmark. Removing any of static intervals, bisection, or mutation reduces
this number, so no single component is responsible for the result, but rather their combination.

ROQ4 finding: Stainless finds divergence-triggering inputs on all benchmarks. Static intervals
and bisection let it reach diverging conditions that it misses without them, and mutation exploits
the conditions they reach to find more inputs and larger errors. Combined, the components find
the most unique diverging inputs, and tight static bounds help find larger errors, while loose
ones tend to mislead the search.

7 Related Work

Several static analysers compute error bounds for floating-point programs. Many specialise in
computing tight bounds for straight-line code [18, 21, 23, 29, 32, 41, 51]. Rather than competing
with these analyses, we build on them: we use any such analyser as a black box for the straight-
line error bounds and add the divergence error on top. NumFuzz’s type system is sound for
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conditionals only when the real and floating-point executions provably take the same branch [37].
Fluctuat [33] bounds the divergence error with zonotopes that overapproximates the diverging
region. PRECiSA [52], Seesaw [22], Real2Float [40] and Rosa [19, 20] solve at least one optimisation
problem per pair of paths in the program, a number that grows quadratically and quickly becomes
intractable. Our approach instead solves a linear number of optimisation problems, by considering
sets of paths with refinement. The static analysers above that support conditionals warn the user
about a potential divergence of the control flow, but offer no way of checking that warning against
concrete inputs, and hence no way of telling a false alarm apart from a genuine defect in the code.

Like Stainless before our modifications [30], KeY can verify floating-point properties of programs
through SMT-solving, but cannot reason about roundoff errors [2]. Frama-C can reason automati-
cally about roundoff errors in straight-line code via Gappa [9]. It can verify error bounds supplied
by the programmer for conditionals interactively [8], but cannot automatically infer them.

Several lines of work study how to prove continuity of real-valued programs [11], or design
languages in which continuity holds by construction [48]. Continuity alone does not provide
enough information to derive an error bound in the presence of a conditional, since we also need
quantitative information about the behaviour of the program near the boundary of the branch
condition. Continuity is nonetheless useful information for the programmer, and is complementary
to our work. Other work analyses Lipschitz continuity or performs sensitivity analyses [12, 42]. In
practice, many common functions, such as the square root, the logarithm and the inverse, are not
globally Lipschitz continuous, and discontinuities must still be bounded separately.

Among the static analysers described above, only FErA reports concrete inputs alongside the error
bound it computes [29]. FErA does not support conditionals, which require a different approach,
such as the one introduced in this paper. Closer to our work, the divergence detection of S3FP [13]
returns a single divergence-triggering input, found by bisection, which our dynamic analysis builds
on. Bao and Zhang [4] detect unstable branches only on inputs provided by the user. Weak-distance
minimisation [28] finds inputs on branch boundaries, i.e., that satisfy a condition with equality in
floating-point arithmetic, but such inputs do not necessarily trigger divergence. To our knowledge,
no existing tool searches for divergence-triggering inputs across all conditions of a program.

Other approaches generate inputs that maximise the error rather than trigger divergence. The
search can be guided by coverage [34], condition number [56, 58], heuristics [14, 55] or random
mutations [57], often measuring the error with shadow execution [16]. Floating-point debuggers [15,
35, 47] have a somewhat different goal in that they aim to dynamically identify specific operations
that cause numerical issues such as large roundoff errors. These approaches are complementary to
ours: they find large error along a fixed path, whereas we find inputs for which the path itself differs
from the real-valued one. Similar techniques find inputs that trigger runtime errors, overflows or
NaN results [6, 39, 43], which Stainless can already check via SMT.

Al Declaration

Parts of the implementation were generated by Claude Opus 5.5 from detailed design prompts, with
every implementation choice validated by us. We edited, reviewed and unit-tested all Al-generated
code. For the case study, Claude suggested popular Scala repositories with loop-free branching
floating-point code, from which we chose the one with the most challenging functions to analyse.

Data-Availability Statement

We provide the results of the analysis of the example in Sec. 2, the four benchmark suites and the
raw results of all runs as supplementary material to this submission. We will submit a full artifact
to Artifact Evaluation and archive it permanently on Zenodo. The artifact will contain:
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Implementation. The source code of our extension of Stainless (Sec. 5), which implements the
static and dynamic analyses. Like Stainless, we release it under the Apache 2.0 license.
Benchmarks. The four benchmark suites of Sec. 6 and our translations of them into the input
languages of the other tools.

Tools and scripts. PRECiSA, Rosa, and Seesaw, and scripts that rerun every experiment of Sec. 6.
Fluctuat is closed source, so for it we include only its input files and the outputs it produced.
Results. The raw results of all runs, and the scripts that generate the paper’s tables and figures

from them.
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Appendix

Table 5. Absolute error bounds computed by Stainless assuming rounded inputs (600 s timeout) and by
Seesaw (commit 336c4c4) on all four benchmark sets. For each output, tot is the total error bound and rnd
the roundoff error bound assuming no divergence. Seesaw’s analysis time is in brackets.

Benchmark #p Stainless Seesaw Benchmark #p Stainless Seesaw
600s 600s
FPBench (10 min timeout)
cavi 2 i agens aders  [areRoos 2 i 1aets  ssets
smartRoot 4 rtr(:zl oo/NaN 6'8;' ;27(15? 5) triangleSorted 2 rt::tti oo/NaN 0
squareRoot3Invalid 2 rt::‘ti 11A'12:_7195 5-52:516—(1163 9
Case study functions (10 min timeout)
avgGroupPlus.value 8 tot 13 unsupported |decayedScale.value 4 tot oo/NaN unsupported
rnd  0.058 rnd
corrScale.c2 2 :ﬁ; 2;2:2 2'8;;535?5) decayedValueAsOf 8 rtxiti oo/NaN unsupported
comScaleamo 2 ind 2360 aen | |combinedviean s 5 SRR
corrScalemlx 2 rtr(:l 5.17'2?; 4 1'261722:_;8995) momMonoidPlus.ml 9 rt::tti 02"102 t/o
corsScalemiy 2 i shett iaegy | [momPlismi 5 md o0 aeto
comScalem2x 2 i Shes pses ) [momSaalemop 2 SorT0 T
conScale mzy 2o Saes ames [momSealemi 2z g i LATOERY
decayedAverageFrom 5 rtg(ti o0o/NaN unsupported |momScale.m2 2 rt;:‘ti gg::g 2'8;35;858 9
decayedPlus.scaledTime 8 rtr(:(t:l co/NaN unsupported |momScale.m3 2 rt;)(ti 8833 0'0(1)'10(18185)
decayedPlus.value 8 ;ﬁ; co/NaN unsupported |momScale.m4 2 :2:1 Z? " §8185)
decayedScale.scaledTime 4 rtg; oo/NaN unsupported
Case-study tests (10 min timeout)
avgAssoc3Lhs.value 64 rtr(::i 12-'1??7 unsupported |momAssocLhs.m1 81 rtz’tj 26.;}1:727 t/o
avgAssoc3Rhs.value 64 rtg‘ti 11"11:_37 unsupported | momAssocLhs.m2 81 :r?‘ti 151.28 t/o
avgAssoc4Lhs.value 512 rtr(:zl f';:i unsupported |momAssocLhs.m3 81 ftx(itti 13?966175 t/o
avgAssoc4Rhs.value 512 rtr?zl 5'24:_35 unsupported | momAssocLhs.m4 81 :r(ifi z;:ii t/o
corrDistrLhs.m1x 130 :ﬁ; 1'95':?9 t/o momAssocRhs.m1 81 rtxtl’(ti 26.;11:727 t/o
corrDistrLhs.m1y 130 rt:;‘ti 12-'52:_29 t/o momAssocRhs.m2 81 rtgz 2.32‘?}8 t/o
corrDistrRhs.m1x 260 rtr?(ti 1::_8 t/o momAssocRhs.m3 81 rtr(:fi 13;,792175 t/o
corrDistrRhs.m1y 260 rtr(:(ti 11.:"32:?8 t/o momAssocRhs.m4 81 rtz(ti Z;:ii t/o
corrMonoidPlus.m1x 65 rtg(ti 0%‘112 t/o momDistrLhs.m1 18 :r‘:‘ti 1%5?9 t/o
corrMonoidPlus.m1y 65 rtr(:El 80..81622 t/o momDistrRhs.m1 36 rtstti 1.35e7—8 t/o
Stress tests (20 min timeout)
bouncingBalll 8 :ﬁ; 12‘627215 t/o stepResponseAreal 4 rtzg 5%2086:155 error
bouncingBall2 32 rtg; 2.(())'e4—015 t/o stepResponseArea2 34 rt;:(ti 92 ;)4:__145 error
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Benchmark #p Stainless Benchmark #p Stainless
Seesaw Seesaw
600s 600s
. tot  0.57 tot 2.1
bouncingBall3 128 md 3.00-15 t/o stepResponseArea3 2.3k md 2.0c-14 error
, tot  0.75 tot
bouncingBall4 512 md 4.0e-15 t/o stepResponseAread4 10.7M md t/o error
) tot  0.93 tot 9.8e-15 8.7 (387s)
bouncingBall5 20k 11d 55e-15 vo mlp1 ° ind 3le-15  Lle-15
5 tot tot 3.0e-13
bouncingBall6 8.2k nd t/o t/o mlp2 81 md 13e-13 t/o
. tot  0.020 tot 6.4e-14
rayMarching1 256 md 1.2e-15 t/o mlp3 729 md 23e-14 t/o
. tot 20 tot 1.5e-12
rayMarching?2 33.0k md 5.0e-15 t/o mlp4 6.6k md 71e-13 t/o
rayMarching3 42m Ot t/o t/o mlp5 9.0k t/o t/o
Yy & ’ rnd P 7 rnd
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1262 Fig. 5. Bounds of all subtree comparisons for each stress test and case study benchmark (Sec. 6) on which
Stainless does not time out, on a log scale. Stainless runs without refinement, without the early stop of
Sec. 3.4, and with a 30 s timeout. For each benchmark, the comparisons are sorted from the largest bound.
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Fig. 6. The bounds of Fig. 5 that are not 0 on a linear scale, from the largest to the smallest.
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Table 6. Absolute error bounds on the FPBench benchmarks, assuming rounded inputs. For each output,
tot is the total error bound and rnd the roundoff error bound assuming no divergence. Stainless runs with
timeouts of 5, 30 and 600, the other tools with a 10-minute timeout, and their analysis time is in brackets.
Fluctuat runs without (fast) and with (tight) 10k interval subdivisions. The tightest total bound of each output
is in bold.

Benchmark #p Stainless Fluctuat PRECISA Rosa
5s 30s 600s fast tight
cavio , tot 29 2.9 2.9  1.0e2(<10ms) 2.9(3.0s) 1.0e2(0.9ms) 2.9 (6.25)
md 3.2e-14 3.2e-14 32e-14  6.3e-15 2.1e-15 3.2e-14 1.8e-14
smartRoot 4 ' /NaN co/NaN co/NaN  NaN NaN e
rnd 5.3e-15
. tot 1.2e-9 1.2e-9 1.2e-9 0.43(<10ms) 1.9e-8(2.0s) 2.7(0.7ms) 1.2e-9 (5.8s)
squareRoot3Invalid 24 410 15 1115 1.1e-15  1le-15 6.1e-16 4.2¢-8 1.1e-15
couareRoot3 , tot 13e-11 13e-11 13e-11 043(<10ms) 3.0e-8(205) 27(0.8ms) 13e-11(579)
au md Lle-15 Lle-15 1.le-15  l.le-15 6.1e-16 4.2¢-8 1le-15
triangleSorted 2 :;’; co/NaN oo/NaN co/NaN  NaN NaN NaN NaN
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1373 Table 7. Absolute error bounds on the case-study functions; the rows and columns are as in Table 6. Only
1374 outputs whose Stainless bound includes a divergence error, or that Stainless cannot bound, are shown.

1375
1376 Benchmark #p Stainless Fluctuat PRECISA Rosa
1377 5s 30s 600s fast tight
1378 tot  25e2 29 1.3 1.9e9(<10ms) 1.7e8(12s) 3.1e8 (2905s)
1379 avgGroupPlus.value 8 nd 0058 0058 0058 0.058 7.3e-4 0.0037 unsupported
; Scale.c2 2 tot 8.6e-5 8.6e-5 8.6e-5 2.5ell(<10ms) 1.0e10 (16s) 2.5ell(2.2ms) 3.8e6 (1.4s)
1380 cormeaie.c md 58e-5 58e-5 58e-5 5.8e-5 5.8e-5 5.8e-5 5.8e-5
. tot 3.4e-10 3.4e-10 3.4e-10 2.5¢5(<10ms) 2.1ed (16s) 1.0e6 (2.2ms)  15(1.05s)
1381 corrScale.m0 2 nd 23e-10 23e-10 23e-10  2.3e-10 2.3e-10 2.3e-10 2.3e-10
1382 corrScale.m1 2 tot 1.0e3 1.0e3 1.0e3 1.0e3 (<10ms) 1.0e3 (16s) 1.0e3 (2.2ms) 1.0e3 (735 ms)
1383 emix rnd 5.7e-14 5.7e-14 5.7e-14 5.7e-14 5.7e-14 5.7e-14 5.7e-14
corrScale.mi 2 tot 1.0e3  1.0e3  1.0e3 1.0e3(<10ms) 1.0e3 (16s) 1.0e3(2.2ms) 1.0e3 (613 ms)
1384 my rnd 5.7e-14 5.7e-14 5.7e-14 5.7e-14 5.7e-14 5.7e-14 5.7e-14
tot 8.6e-5 8.6e-5 8.6e-5 6.3e10(<10ms) 5.2e9 (16s) 2.5ell(2.2ms) 3.8e6 (734 ms)
1385 corrScale.m2x 2 Ind 58¢-5 58e-5 58e-5 5.8e-5 5.8e-5 5.8¢-5 5.8e-5
1386 corrScale.m2 2 tot 8.6e-5 8.6e-5 8.6e-5 6.3e10(<10ms) 5.2e9(16s) 2.5ell(2.2ms) 3.8e6 (790 ms)
1387 mey rnd 5.8e-5 5.8e-5 5.8e-5 5.8e-5 5.8e-5 5.8e-5 5.8e-5
1388 decayedAverageFrom 5 ;[2; oo/NaN oo/NaN oo/NaN unsupported unsupported unsupported unsupported
1389 decayedPlus.scaledTime 8 rtr(:(ti oo/NaN oco/NaN oo/NaN unsupported unsupported unsupported unsupported
1390 decayedPlus.value 8 :ﬁ; oo/NaN oo/NaN oo/NaN unsupported unsupported unsupported unsupported
1391
1392 decayedScale.scaledTime 4 :ﬁ; 0o/NaN oco/NaN oo/NaN unsupported unsupported unsupported unsupported
1393 decayedScale.value 4 IE; oo/NaN ©o/NaN oo/NaN unsupported unsupported unsupported unsupported
1394 decayedValueAsOf 8 :ﬁ; o0o/NaN oo/NaN oco/NaN unsupported unsupported unsupported unsupported
1395 combinedMean 8 tot  6.6e2 33 1.7 1.9¢9 (<10ms) 1.7e8 (11s)  3.1e8 (171s) o
1396 rnd 0.12 0.12 0.12 0.12 0.0065 0.0055
. . tot 8.8e2 43 2.0  1.9e9(10ms) 5.7e8 (765s)
1397 momMonoidPlus.m1 9 md 042 012 0.12 0.12 0.029 t/o t/o
1398 R 8 tot  0.029 0.029 0.029 5.0e8 (<10ms) 1.0e8 (32s) 2.3e7 (2755s) o
1399 us- rmd 0.029 0.029 0.029 0.029 0.0036 2.1e-5
momScale.moD 2 tot 3.4e-10 3.4e-10 3.4e-10 5.0e5 (<10ms) 2.0e4 (10s) 1.0e6(2.0ms)  8.0e6 (1.3s)
1400 : rnd 2.3e-10 2.3e-10 2.3e-10 2.3e-10 2.3e-10 2.3e-10 2.3e-10
tot 1.0e3 1.0e3 1.0e3 1.0e3 (<10ms) 1.0e3 (10s) 1.0e3 (2.0ms) 1.0e3 (767 ms)
1401 momScale.m1 2 nd 57e-14 57e-14 57e-14  57e-14 5.7e-14 5.7e-14 5.7e-14
1402 momScale.m?2 2 tot 8.6e-5 8.6e-5 8.6e-5 1.2e1l1(<10ms) 5.0e9(10s) 2.5ell(2.0ms) 2.0el12 (918 ms)
1403 : rnd 5.8e-5 5.8e-5 5.8e-5 5.8e-5 5.8e-5 5.8e-5 5.8e-5
. , tot 0038 0038 0038 10el4(<10ms) 50e12 (10s) 1.0e14(20ms) 8.0e14 (836 ms)
1404 i rnd  0.027 0.027 0.027 0.027 0.027 0.027 0.027
tot 38 38 38  5.0e16 (<10ms) 2.5e15(10s) 1.0e17 (2.0 ms) 8.0el7 (666 ms)
1405 momScale.md 2 md 27 27 27 27 27 27 27
1406
1407
1408
1409
1410
1411
1412
1413
1414
1415
1416
1417
1418
1419
1420

1421
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1422 Table 8. Absolute error bounds on the case-study tests; the rows and columns are as in Table 6. Only outputs
1423 Whose Stainless bound includes a divergence error, or that Stainless cannot bound, are shown.

1424
1425 Benchmark #p Stainless Fluctuat PRECISA Rosa
1426 5s 30s  600s fast tight
1427 tot 2.7e3  2.9e3 1.9e7(10ms) 7.7€5 (31s)
Lot avgAssoc3Lhs.value 64 md t/o 11e-7 11e—7 14e—7 17e-9 t/o unsupported
tot 2.3e3 1.1e3 1.5e7 (10ms) 7.4e5 (32s)
1499 avgAssoc3Rhs.value 64 md t/o 11e-7 11e-7 1ie—7 1.7e-9 t/o unsupported
. tot 5.4e3 2.9e7 (10ms) 2.9e6 (73s)
1430 avgAssoc4Lhs.value 512 md t/o t/o 1.50-7 1.9e~7 63e-9 t/o unsupported
1431 tot 8.4e3 1.9¢9 (10ms) 5.0e7 (67 s)
5 avgAssoc4Rhs.value 512 md t/o t/o 1.26-5 1865 1de—7 t/o unsupported
. tot 54 0.63 1.9¢5(10ms) 8.4e4 (111s)
1433 corrDistrLhs.m1x 130 md t/o 1.56-9 1.5¢-9 1.56-9 5.6e-10 error error
. tot 1.3e3 2.2e2 1.9e5(10ms) 8.4e4 (111s)

1434 corrDistrLhs.m1y 130 md t/o 1.56-9 15e-9 1.56-9 5.60-10 error error
1435 corrDistrRhs.m1x 260 tot t/o t/o 88 o 0o t/o t/o
rnd 1.3e-8

1436
corrDistrRhs.m1y 260 ™t t/o t/o L2 [ [ t/o t/o
1437 rnd 1.3e-8
. tot 1.5e2 4.1 1.9e9(10ms) 8.4e8 (113s)
1438 corrMonoidPlus.m1x 65 md t/o 012 012 0.12 0.044 t/o t/o
1439 . tot 1.3e3 8.8e2 1.9¢9 (10ms) 8.4e8 (113s)
Lo corrMonoidPlus.mly 65 md t/o 012 0.12 0.12 0.044 t/o t/o
tot 6.1e2 1.9¢7 (20ms) 4.2e6 (271s)
1441 momAssocLhs.m1 81 md t/o t/o 2.4e—7 2.9e—7 5.30-8 error error
tot 1.1e8 6.0e14 (20 ms) 3.4e13 (271s)
1442 momAssocLhs.m2 81 md t/o t/o 34 5.1 024 error error
1443 momAssocLhsm3 81 0 yo  yo 1815 15e22(20ms) 2.1e20 (271s) error
1444 rnd 3.9¢7 8.7e7 1.1e6
tot 7.5€18 3.6e29 (20 ms) 1.2e27 (271s)
1445 momAssocLhs.m4 81 md t/o t/o 47e14 1.2615 49012 error error
tot 6.1e2 1.6e7 (20ms) 3.6e6 (268 s)
1446 momAssocRhs.m1 81 md t/o t/o 247 2467 448 error error
1447 momAssocRhs.m2 81 rtx(;ti t/o t/o 2'32:8 6.0e145(120 ) 3'451032(268 ) error error
1448 : y .
tot 1.7e15 1.5e22 (20 ms) 2.1e20 (268s)
1449 momAssocRhs.m3 81 md t/o t/o 3.9¢7 8.6¢7 1.0e6 error error
tot 7.5e18 3.6e29 (20 ms) 1.2e27 (268 s)
1450 momAssocRhs.m4 81 md t/o t/o 47014 1.2¢15 4012 error error
1451 ) tot 1.6e2 75  0.29 1.9¢5(10ms) 7.3e4 (78s)
momDistrLhs.m1 18 1nd 15¢-9 15¢-9 15e-9  1.5e-9 4.7e-10 error error
1452 tot 3.3e2 57
1453 momDistrRhs.m1 36 md t/o 136-8 136-8 o error t/o error
1454
1455
1456
1457
1458
1459
1460
1461
1462
1463
1464
1465
1466
1467
1468
1469

1470
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Table 9. Absolute error bounds on the stress tests; the rows and columns are as in Table 6, except that the
other tools run with a 20-minute timeout.

Benchmark #p Stainless Fluctuat PRECISA Rosa
5s 30s 600s fast tight

bouncingBalll 5 1.g'e2—215 1.2':7215 12315 5.21.(3<e1—0 115m) 2%&3 K 32.(72?1?) 7'2r(r105r5)
omcngas % 1 2 00 e r3khm) 4ty -y, sadien
bouncingBall3 128 rtr?(ti ve 3.(()):)—715 3.3%5—715 9'73..(51,1—0 11;5) 6'3.5)%1%5) error vo
bouncingBall4 512 rtr(ifi t/o 4 Oi(i 15 4867_51 5 1‘21.;160_1? o2 1(288 s) error t/o
bouncingBall5 2.0k :1(1)2[ t/o t/o 52:—31 5 12'(6160_31155) 12 §308 s) error t/o
bouncingBallé 8.2k rtr(;ti t/o t/o t/o lz.(éle(irlr;s) 15:159 ) error t/o
g e 9 2 22w aachm) 20600y,
rayMarching2 33.0k rtr(icti t/o t/o . Oi(i 15 1;;1;?1]?:) error t/o error
rayMarching3 4.2M rtg(ti t/o t/o t/o 2 ggle(illj;s) error error error
cigpiemporeiall 4 rt&ti 52'.21:_-155 52'.2():155 52'.20:_—155 34:; i(i ]1];5) 2'41::—( f ; ” 1;8(;? 1955 )" unsupported
stepResponseArea2 34 :ﬁ(ti t/o 9_2'61781 5 92 ';::145 3':32;25) 0()1228(}?2 ) error unsupported
stepResponseArea3 2.3k rtr(:zl t/o t/o 2.026'1 14 3'22??;5) o'ofge(_?)f 55 9 error  unsupported
stepResponseArea4 10.7M rtr(:<t:l t/o t/o t/o 3;12(2? irsls) 3265(;71855) t/o unsupported
mip1 9 tot 9.8e-15 9.8e-15 9.8e-15 3.4(<10ms) 0.067 (9.2s) 13 (252 ms) 13 (15s)

rnd 3.1e-15 3.1e-15 3.le-15 3.2e-15 1.7e-15 4.7e-15 error
mlp2 B i 1513 15t 1513 edert | zeen Yo W
mlp? T ma YO Ghens 2%t em  sars  emr W0
mlp4 6.6k rtz; t/o t/o ;?::132 1'118'35201;18) error error t/o
mlp5 59.0k rtr(;ti t/o t/o t/o 1'6;_ :;e(i(;;n ) error error error
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1520 Table 10. Ablation study on the case-study tests. The columns and the bold are as in Table 2.
1521

1522 Benchmark #p ‘ Pairwise Without refinement With refinement

1523 | 55 30s 600s | 5s 30s 600s | 5s  30s  600s

1524 avgAssoc3Lhs.value 64 |t/o t/o 6.3e3| t/o 2.8e3 28e3 | t/o 2.7e3 29e3

avgAssoc3Rhs.value 64 |[t/o t/o 9.1e3| t/o 24e3 26e3 | t/o 23e3 1.1e3
avgAssoc4Lhs.value 512 [t/o t/o  t/o t/o t/lo 55e4 | t/o t/o  5.4e3
1526 avgAssoc4Rhs.value 512 [t/o t/o  t/o t/o t/lo 1.6e4 | t/o t/o  8.4e3
corrDistrLhs.m1x 130 | t/o t/o t/o t/o 35 0.21 t/o 54 0.63
corrDistrLhs.m1y 130 | t/o  t/o t/o t/o 13e3 1.1e3 t/o 13e3 2.2e2
1528 corrDistrRhs.m1x 260 | t/o t/o t/o t/o t/o 52 t/o t/o 88
1529 corrDistrRhs.m1y 260 [ t/o  t/o t/o t/o t/o 13e3 | t/o t/o  1.2e3
corrMonoidPlus.m1x 65 [t/o t/o t/o t/o 59 1.8 t/o  1.5e2 4.1
1530 corrMonoidPlus.mly 65 [t/o t/o  t/o t/o 15e3 1.1e3 | t/o 1.3e3 8.8e2
1531 momAssocLhs.m1 81 [t/o t/o t/o t/o t/o 3.0e3 t/o t/o  6.1e2
momAssocLhs.m2 81 [t/o t/o t/o t/o t/o 1.7e8 t/o t/o 1.1e8
1532 momAssocLhs.m3 81 |t/o t/o t/o t/o t/o 1.8el5| t/o t/o 1.8el5
1533 momAssocLhs.m4 81 |t/o tlo t/o t/o t/o 1.5e19 | t/o t/o 7.5e18
momAssocRhs.m1 81 | t/o tlo t/o t/o t/o 3.0e3 t/o t/o 6.1e2
1534 momAssocRhs.m2 81 |t/o t/o t/o t/o t/o  2.2e8 | t/o t/o  2.2e8
1535 momAssocRhs.m3 81 [t/o t/o t/o t/o t/o 24el5 | t/o t/o 1.7el15
momAssocRhs.m4 81 [t/o t/o t/o t/o t/o 14el19 | t/o t/o  7.5e18
1536 momDistrLhs.m1 18 |t/o 1.6e2 4.7 |1.8e2 5.1 0.19 |1.6e2 75 0.29
1537 momDistrRhs.m1 36 |t/o 1.9e3 23e2| t/o 3.4e2 47 t/o  3.3e2 57

1525
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Table 11. Ablation study of the dynamic analysis on all outputs for which Stainless reports a possible
divergence. The columns and the shading are as in Table 4.

‘ Upper ‘ Largest roundoff error ‘ Diverging conditions ‘ Unique diverging inputs

Benchmark #p | bound | All -M -1 -B -IM |All -M -I -B -IM| Al -M -1 -B -IM
Stress tests

bouncingBalll 8 0.22 0.22 0.22 0.22 0.22 0.22 2 2 2 2 2 14k 15k' [ 9.8k 1715 8.1k
bouncingBall2 32 0.40 0.40 0.40 0.39 0.40 0.39 3 3 3 3 3 17k 18k = 13k 200.5 10k
bouncingBall3 128 0.57 0.57 0.57 0.57 0.57 0.57 5 5 5 5 5 |27k 27k 18k 1.4k 13k
bouncingBall4 512 0.75 0.75 0.75 0.75 0.75 0.75 7 7 7 7 7 |40k 39k 23k 2.6k 16k
bouncingBall5 2.0k | 093 0.93 0.93 0.92 0.93 0.92 10 10 10 10 10 |39 38k 25k 2.2k 17k
rayMarching1 256 | 0.011 | 1.0e-4 1.0e-4 0 1.0e-4 0 1 1 /0 1 0 |24k 15k 0O 1.2k 0
rayMarching2 33.0k 20 2.1e-4 2.1e-4 | 1.0e-4 21e-4 1.0e-4 |2 2 1 1 1 |102k 24k 89k 445.5 8.3k
stepResponseAreal 4 | 2.0e-5| 2.0e-5  2.0e-5 20e-5 20e-5 20e-5 |1 1 1 1 1 |50k 30k 3% 30k 1.5k
stepResponseArea2 34 | 24e-4 | 2.4e-4 24e-4 24e-4 24e-4 24e-4 |3 3 3 3 3 |88k 65k 49k 18k 11k
mlp1 9 19.8e-15|4.5e-16 4.5e-16 4.2e-16 4.5e-16 4.2e-16 | 3 3 3 2 3 | 74k |40k 115kT 34k 41k
mlp2 81 |3.0e-13|9.9e-15 1.0e-14|9.0e-15 9.7e-15 88e-15| 8 & 8 8 8 | 81k 66k 62k 22k 33k
mlp3 729 |6.4e-14|1.5e-15 1.5e-15 1.9e-15! 13e-15 1.8e-15! [ 14 14 14 14 14 |48k |42k 51k! 35k 24k
mlp4 6.6k |1.5e-12|3.5e-14 3.2e-14 2.8e-14 3.le-14 2.6e-14 |20 20 20|19 20 |83k 61k 73k 23k 30k
Case study

avgAssoc3Lhs.value 64 | 2.9e3 |2.3e-13 2.2e-13 2.5e-13 2.0e-13 2.4e-13T| 9 9 |8 107 8 |145k|96k 101k 228k 48k
avgAssoc3Rhs.value 64 1.1e3 |2.2e-13 2.1e-13 2.5e-131 2.0e-13 2.4e-137|10 10 |8 10 8 |172k 110k 101k 243k’ 48k
avgAssoc4Lhs.value 512 | 5.4e3 |2.2e-13 2.1e-13 2.4e-131 2.1e-13 23e-13T[27 29 19 20 20 [136k 63k 104k 284k! 33k
avgAssoc4Rhs.value 512 | 8.7e3 |2.6e-13 2.7e-13 2.8e-13 2.7e-13 2.7e-13 |26 26 19 24 19 |180k 118k 121k 292k 66k
avgGroupPlus.value 8 13 |2.0e-13 1.9¢-13 2.2e-13" 0 20e-13 (2 2 2.0 2 |107k 65k 74k 0 27k
corrDistrLhs.m1x 130 0.63 |2.4e-13 2.3e-13 2.3e-13 [1.1e-13 20e-13 | 2 2 2 1 2 |184k 109k 87k 3.2k 2.5k
corrDistrLhs.m1y 130 | 3.3e2 [2.3e-13 2.3e-13 2.3e-13 4.0e-29 20e-13 | 2 2 2 1 2 |184k 109k 87k 3.2k 2.5k
corrDistrRhs.m1x 260 88 2.5e-13 2.5e-13 2.4e-13 13e-13 22e-13 | 3 3 3 1 3 |161k 90k 85k 13k 4.7k
corrDistrRhs.m1y 260 | 1.2e3 |2.5e-13 2.5e-13 24e-13 1.3e-13 23e-13 | 3 3 3 1 3 |161k 90k 85k 13k 4.7k
corrMonoidPlus.m1x 65 3.7 |2.2e-13[2.1e-13 2.3e-13 0 20e-13| 2 2 2 0 2 |131k 52k 86k 0 33k
corrMonoidPlus.mly 65 | 8.8e2 |2.2e-13 2.2e-13 2.3e-13' 0 21e-13 (2 2 20 2 |131k 52k 86k 0 33k
combinedMean 8 1.3 |2.2e-13[1.8e-13 2.4e-13T 0 20e-13| 2 2 2 0 2 |76k 32k 46k 0 24k
momAssocLhs.m1 81 8.3e2 |2.7e-13 2.5e-13 2.9e-13" 8.6e-14 2.6e-13 |14 14 [12 4 12 |167k 92k 90k 53k 8.2k
momAssocLhs.m2 81 1.1e8 | 8.9e-5 8.9e-5 8.9e-5 | 4.6e-5 88e-5 |14 14 12 4 12 |167k 92k 90k 5.3k 8.2k
momAssocLhs.m3 81 | 1.8e15 0.20 0.18 0.18 0.023 0.14 14 14 12 4 12 [167k 92k 90k 5.3k 8.2k
momAssocLhs.m4 81 | 7.5e18 | 4.6e2  4.5e2 4.3e2 39 34e2 |14 14 12 4 12 |167k 92k 90k 5.3k 8.2k
momAssocRhs.m1 81 | 83e2 |27e-13 2.5e-13 2.9e-13" 14e-13 26e-13 |14 14 12 4 12 |167k 91k 90k 5.8k 8.2k
momAssocRhs.m2 81 2.2e8 | 8.9e-5 8.9e-5 8.9e-5 4.6e-5 87e-5 |14 14 12 4 12 [167k 91k 90k 5.8k 8.2k
momAssocRhs.m3 81 1.7e15 0.18 0.17 0.17 0.020 0.15 14 14 12 4 12 [167k 91k 90k 5.8k 8.2k
momAssocRhs.m4 81 | 7.5e18 | 3.5e2  33e2  4.1e2! 40 35e2 |14 14 12 4 12 |167k 91k 90k 5.8k 8.2k
momDistrLhs.m1 18 0.19 |2.0e-131.7e-13 2.2e-137 0 20e-13 |12 2 2.0 2 |167k 90k 83k (U 2.0k
momDistrRhs.m1 36 57 2.2e-13 2.1e-13 2.4e-131 1.0e-28 22e-13 |3 3 3 1 3 |145k 77k 81k 21k 4.6k
momMonoidPlus.m1 9 1.7 |2.2e-13[1.8e-13 2.4e-13' 0 20e-13 |2 2 2 0 2 |112k 37k 83k 0 3.2k
momPlus.m1 8 0.029 |1.4e-13 3.4e-14 1.6e-13 0 8.5e-14 | 1 1 1.0 1 |455k 416k 74k 0 9
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